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Table A List of terms and concepts in Unit 29 
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amplitude 
atomic structure 
conservation of energy 


conservation of momentum 


diffraction 


electron 


electromagnetic radiation 
Fermat’s principle 
frequency 

gravitational force, F, 
ground state 


intensity 


mass 


molecule 


momentum p 
Newton’s laws of motion 
nucleus 

period 

photon 

photoelectric effect 
Planck’s constant h 
reflection 
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speed 
velocity 
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de Broglie wavelength Agg = h/p 
Heisenberg’s uncertainty principle 


interactions are described by exchanges 
of energy and momentum between quanta 


Maupertuis’ principle (of least action) 
magnitude of momentum 
momentum of a photon p = hf/c 


philosophical interpretations of 
quantum theory 


probability waves 

propagation of any radiation is 
described by waves 

quantum 

quantum theory 

travelling wave packets 
travelling wave trains 


uncertainty relations: 
for position and momentum 
for time intervals and energy 


Introduction and Study Guide 


With this Unit you are entering the last stage of the Science Foundation Course. 
Compared with the immediately preceding Units—in which you studied the his- 
tory of the Earth, theories of its origin and the long-term evolution of its 
structure—it may seem to be an abrupt change of subject. However, when viewed 
in the wider context of the Course as a whole, there is more than one reason why 
you are being asked to return to some basic physics now. 


Quantum theory, as you will begin to appreciate after you have studied Units 29 
and 30, is of fundamental importance to many scientific problems outside physics. 
Without it, chemists would not be able to study and understand the details of 
chemical structure of complex substances, or even make sense of the multiplicity 
of chemical elements. Biologists would be deprived of the use of electron micro- 
scopes; and the understanding of the Earth’s history would be very much poorer 
for the lack of information obtained from the dating by radioactive isotopes. 


These are just a few examples where progress in other branches of science is 
derived from quantum physics. At a more practical level, it is not generally 
appreciated that the birth of pocket calculators—and indeed of the whole fields of 
computing, automation and long-distance space communications—can be traced 
back to quantum theory and to its applications in the study of semiconductors. 


Important as all these applications are, there is yet another overwhelming reason 
why you should be introduced to quantum theory now. It is the impact this theory 
has on the conceptual foundations of science and philosophy. Indeed, it is this 
aspect of it that the Course Team consider to be the most important one in the 
context of $101. This Unit will probably shatter some ‘common-sense certainties’ 
in your way of thinking about the world. If you should find this process painful, 
take heart from the fact that some of the best scientific brains struggled with 
these problems over the whole of the first quarter of this century. Einstein once 
said about common sense that it is ‘that body of prejudices laid down in the 
mind prior to the age of eighteen’. The one thing that you will need, most of all, 
this week is the courage to throw away the crutches of your common sense when 
they come into conflict with experimental evidence and logic. 


This Unit has only two components: the Main Text and a television programme, 
accompanied by TV Broadcast Notes. As usual, the Main Text carries the story 
line, and the TV programme provides visual evidence of some of the experimental 
results on which the whole theoretical argument rests. The Main Text refers 
frequently to Units 8 and 9. It would be useful to page through these very quickly 
before you start working on this Unit, just to refresh your memory. Ideally, you 
should read through the Main Text before the first viewing of the TV programme. 
If you could arrange your working schedule so as to fit in a second viewing after 
you have done some more work on the Main Text, then so much the better. 


Note that in Radio 15, we describe the early development of quantum theory 
and we point out the many deep insights into the structure of matter that the 
theory has given. 


The three Appendices after the Main Text should not be regarded as core mater- 
ial. They will not be assessed in any way, but they should provide an additional 
challenge to those who may find the Main Text straightforward. 


After you have studied this Unit, you will not end up with the full knowledge of 
quantum theory. And you will not be able to use it as a tool for solving problems. 
Such aims cannot be achieved without considerable background and training in 
mathematics. But the Course Team believes that it is possible, with very little use 
of mathematics, to achieve the Objectives listed at the end of the Main Text and to 
obtain a worthwhile appreciation of quantum theory along the lines summarized 
in Section 6. This appreciation will be developed further in Unit 30, where basic 
principles of quantum theory are applied to the understanding of the structure of 
atoms and atomic nuclei. 
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1.1 


How energy and momentum are propagated 


You have already met situations where energy is transmitted from one place to 
another through different media. In particular, you saw in Unit 4 how large-scale 
disturbances, taking place within the Earth, travel through different layers of 
materials and are then observed at the surface. It was noted there that the propa- 
gation of seismic waves—and, indeed, the propagation of any waves—is governed 
by Fermat’s principle of least time. Taking into account different velocities in 
different materials, any disturbance that travels from place A to place B in the 
form of a wave motion, always follows the path that takes the shortest possible 
time. It is not necessarily the path of shortest length. 


There is another class of phenomena in which propagation and transfer of energy 
are of importance, of which here are a few examples. Our planet is continuously 
bombarded by streams of microscopic cosmic particles coming from the Universe. 
The picture in your television set is produced by a beam of electrons that origin- 
ates from a hot, metal wire at the thin end of the television tube, is accelerated by 
an electrostatic field and is finally deflected by variable magnetic fields so that it 
scans the surface of the screen. In Unit 31, you will hear about accelerators that 
can produce beams of extremely fast elementary particles for the investigation of 
their interactions with different targets. In mass spectrographs (Units 10 and 11), 
different isotopes are identified because beams of ions with different mass-to- 
charge ratios travel along different paths. 


In all these examples, beams of particles, carrying energy, travel from one place to 
another, their propagation being affected by gravitational, electric and magnetic 
forces. In some cases they simply change their direction and speed, but in others 
they are completely stopped or they even disappear in interactions with other 
particles. Is there any pattern in all this behaviour? Can one explain the propaga- 
tion of particles in terms of some general principle, one that might be analogous to 
Fermat’s principle of least time for the propagation of waves? 


Before this question can be answered, we must return for a while to one important 
concept that has been introduced only very briefly in Units 3 and 8—the concept 
of momentum. 


Conservation of momentum 


In Unit 3, the momentum of an object was defined as the product of its mass and 
its velocity. Notice that according to this definition the momentum has direction— 
the same as the direction of velocity. 


This aspect is very important for the full description of motion. Speed only tells 
you how fast an object is moving, but not in what direction it is travelling. So, just 
as we have carefully distinguished between velocity and speed in Unit 3, we shall 
be careful in this Unit to distinguish between, on the one hand, the momentum, 
defined as: 


p=m.t (1) 


(where the arrows indicate that direction is important) and, on the other, the 
magnitude of the momentum, which is simply the product of mass and speed: 


p=m.v (1’) 


In the TV programme associated with Unit 3 (TV03), you met for the first time 
the law of conservation of momentum, which was stated as follows: 


The total momentum of any group of objects which are not subject to unbalanced 
external forces is constant. (Broadcast Notes for Unit 3) 


The TV demonstration was limited to a simple case of two objects: a pair of ice 
skaters, or a pair of gliders on a frictionless track. The two skaters initially stood 
still (velocities zero) and then they pushed each other apart. They were seen to be 
moving in a straight line in opposite directions. Thus their velocities had different 
signs (one positive, one negative) and the speeds (or, if you like, the magnitudes of 
their velocities) depended on the masses of the two skaters in such a way that the 


‘Section 1.1 revises some material from Units 


3 and 8, and extends the concept of 
momentum to three dimensions. If you are 
confident about vectors, in general, and 
about the conservation of momentum, in 
particular, you can skim through it very 
quickly. 

momentum 


magnitude of momentum 


conservation of momentum 


total momentum of both skaters was always zero, just as it was before the push. 


SAQ 1 The masses of two skaters A and B are m, = 80kg and 
mg = 50kg. What is the ratio of the magnitudes of their velocities v,/v, 
after they have pushed each other apart? 


(Hint Write down the expression for the total momentum of both skaters 
and compare it with the initial momentum before the push.) 


The two skaters pushing each other apart were a rather special case, since they 
were both initially at rest. It is far more common in two-body collisions that at 
least one, and often both, of the bodies are moving before they collide—as the two 
gliders did, for example. Your life is full of experiences of this kind, particularly if 
you play ball games, such as tennis, cricket, snooker, golf or soccer. In order to 
check whether you have developed some instinctive appreciation of how momen- 
tum is transferred in such situations, try the following two ITQs. (Should you feel 
the need for some more empirical guidance, why not try colliding two coins of 
unequal mass, say 10p and Ip, on a smooth and level table top?) 


ITQ 1 A moving object of a small mass m collides head-on with a station- 
ary object of a much larger mass M. Select the two statements from the list 
below, that correctly describe the motion of both objects after the collision. 
A Object M—remains stationary 
B —moves forward, faster than m before collision 

—moves forward, at the same velocity as m before collision 

—moves forward, more slowly than m before collision 
Object m—stops dead when it hits M 

—moves forward with M, at the same velocity 

—moves forward, more slowly than M 
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—moves backwards, very fast (faster than it moved forward 
before) 


—moves backwards, more slowly than it moved forward 
before collision. 


Comal 


ITQ 2 Suppose now that the two objects M and m interchange their 
roles. That is, the heavy object M is moving and collides with the stationary 
object of small mass m. Formulate your anticipation of how the two bodies 
will be moving after the collision (use statements similar in form to A-J in 


ITQ 1). 


Perhaps you are just beginning to feel that the conservation of momentum is all 
you need to be able to anticipate the outcome of any collision between material 
objects. Is this really the case? Well, try the next ITQ to see whether it is or not. 


ITQ 3 Two gliders on a frictionless track approach each other on a 
head-on collision course. Both gliders have an identical size and shape and 


the same mass m. Both have the same speed v (6; = +v, 8, = —v). Decide 
which of the following results contradict the law of conservation of 
momentum. 


A Both gliders stop dead when they collide. 

B- Both gliders move in the same direction after the collision 
(6; = 5, = +0). 

C_ The gliders reverse their directions of motion, so that their velocities 
are opposite to what they were’ before’ the _ collision 
(¢;=—v, b.= +0). 

D The two gliders move in opposite directions at velocities 
By = —v/2, b= +0/2. 

E_ The two gliders have velocities 6}, = —2v, 6, = +2v. 

F The two gliders can have any speed after the collision, provided it is the 
same for both and in opposite directions (6; = —#;). 


Compare your answer with your everyday experience. Is the conservation of 
momentum a sufficient guide to the outcome of collisions? 
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Clearly, the conservation of momentum alone does not give a unique prediction of 
the outcome of a collision. Without beating about the bush, let us say straight 
away that in order to get a unique prediction, which agrees with the actual result, 
you would have to take into account another conservation law—the law of 
conservation of energy, first introduced in Unit 8. 


ITQ 4 Check all alternatives A to F in ITQ 3 for conservation of energy. 
(Assume that the collision is elastic—that no energy is lost in deforma- 
tions.) Find out if there is an alternative that satisfies both the conservation 
laws for energy and for momentum. If there is one, does it agree with what 
in your experience will actually happen? 


Thus we have reached an all-important conclusion: in order to describe the result 
of collisions between objects, or to anticipate the outcome of such collisions, it is 
necessary to apply simultaneously the conservation laws for both energy and 
momentum. 


To gain a little bit more practice in the simultaneous application of the two 
conservation laws do SAQ 2 now. 


SAQ 2 Consider an elastic head-on collision between two objects of the 
same mass m (such as two identical gliders or pucks on an air table). 
Initially, object 1 is moving from left to right with velocity 5 = +v towards 
object 2, which is stationary. (Note that by choosing the left-to-right direc- 
tion as positive, the velocities and the momenta in the opposite direction will 
be negative. The use of + and — signs in this case replaces, or rather specifies 
the meaning of, the direction arrows.) 


Table 1 lists a number of hypothetical alternatives for the motions of the 
two objects after the collision. Check all these alternatives for the conserva- 
tion of both energy and momentum, and identify the one that correctly 
describes what actually happens. Symbols p and E, stand for the total 
momentum and the total kinetic energy of both objects respectively; the 
numbers 1 and 2 identify the two objects. 


TABLE 1 Hypothetical results of an elastic head-on collision between 
two identical objects 


Before collision 


After collision 


Motion of objects 1 and 2 


= +50 @7, = +./35 


= 
2 


ra i= -5-O Otionatd 
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After you have done this SAQ, you should need no further proof that both 
conservation laws are equally important and that both must be applied simultan- 
eously to each problem. There were several alternatives that conserved momen- 
tum (B, E, G) and several that conserved energy (C, D, E, F), but only one of 
them (E) conserved both. And that is, indeed, the one and only alternative that 
always happens in a collision of this type. Just think how horrifying this world of 
ours would be, if only one of the two laws worked! There would be no cricket, 
amongst other things. 


There is just one more point to be made about conservation of momentum. In all 
the examples we have chosen so far, both objects always moved along the same 
straight line. So the direction of velocity and momentum was easily specified by 
the plus and minus signs. However, in real life objects move in different directions 
and, often, more than two objects are involved in collisions. The conservation of 
total momentum still holds, but to use it (in combination with the law of conser- 
vation of energy) for actual calculations of the velocities and momenta of all 
individual objects becomes a tedious exercise in number-crunching and in solving 
sets of simultaneous equations. Important though all this is for practical applica- 
tions in physics and engineering, in the context of this Course you are expected to 
grasp just the basic principles. Figure 1 gives you some idea of how the problem of 
dealing with directions of velocities and momenta can be approached. 


(a) (b) 


If you choose at random some direction in the plane of your desk top, you can 
always describe this direction with reference to two basic directions, perpendicular 
to each other. Let us say, for example, that you start from the near left corner of 
your desk top and choose the two basic directions (they are called axes of coor- 
dinates) along the edges of the desk top. Then the momentum f of any object 
moving on your desk can be represented as shown in Figure 1a. The length of the 
arrow corresponds to the magnitude of the object’s momentum. The direction 
can be specified with reference to the two chosen edges of your desk (axis x— 
positive direction from the near left to the near right corner; axis y—positive 
direction from the near left to the far left corner). The arrow in Figure 1a goes 
upwards and to the right. So, you might say that the momentum this arrow 
represents is composed of a little bit of momentum upwards (along the y-axis) and 
another bit of momentum from left to right (along the x-axis). It is customary to 
call the two segments p, and p,, shown on the x- and y-axes, the components of the 
original momentum P. If the bodies taking part in interactions can move any- 
where in space, you would need three axes of coordinates (x, y, z), and each velocity 
and momentum would then be specified by three components (Figure 1b). 


The most important point to remember is that if the moving objects are not 
confined to one straight line, but can move anywhere within a plane or in space, 
the law of conservation of total momentum cannot be expressed by a single formula 
(except in the language of vector calculus, which is not our aim here). It can be 
shown that if momenta are represented by their two or three components as in 
Figure 1, then the conservation law holds for each component separately. In other 
words, if the x-components of the momenta of all objects before collision added up 
to a certain value, then the sum of all the x-components after the collision must be 
the same. Since this is also true for any other axis of coordinates, the law of con- 
servation of total momentum breaks down into two or three separate equations, 
one for each reference direction (axis of coordinates). 
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FIGURE 1 (a) Momentum in a plane, and 
(b) in three-dimensional space. 


components of momentum 


1.2 


Beams of electrons: do electrons have a wavelength? 


In the earlier Units we referred to the electron as a ‘particle’. This probably led you 
to imagine that electrons move in space and time in very much the same way as 
ordinary marbles, or pellets from a shot-gun. This later association may well be 
reinforced by the technical term ‘electron gun’, used to describe a device for 
producing a narrow beam of electrons. As you can see in Figure 2, an electron gun 
consists of a hot wire filament F (heating the wire gives some electrons enough 
energy to escape from the surface) and a metal plate M that is positively 
charged in order to produce a very strong attractive force on the negatively 
charged electrons. The attractive force accelerates the electrons released from the 
filament, but only a narrow beam is allowed to pass through the small hole in the 
plate M. This narrow beam can subsequently be manipulated for different 
purposes—straightforward further acceleration by electric fields, or bending, 
scanning and focusing by a combination of electric and magnetic fields. Such a 
beam finds its uses in accelerators, X-ray machines, oscilloscopes, television tubes 
and electron microscopes. In all of these applications, the space within which elec- 
trons travel must be rid of air or any other gas, to prevent losses of energy and 
changes of direction caused by the collisions of the electrons with gas molecules. 


as 
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Let us now return to our main problem. Is it always reasonable to think of a beam 
of electrons, produced by an electron gun, as a stream of little marbles? After all, 
you saw in Unit 9 that although light could most often be thought of as a wave 
motion, sometimes it had to be described as particles. What if we turn this argu- 
ment round and ask whether these ‘particles’ that we call electrons could 
sometimes be described as having a wavelength? There is only one scientific way 
in which to answer this question, and that is to find out by experiment. 


You will recall from Unit 9 that many interesting wave properties of electromag- 
netic radiation were revealed by shining monochromatic light through a barrier 
with narrow slits. Perhaps it might be revealing to perform a similar experiment 
with electrons. It is not very difficult to produce a narrow beam of electrons, all 
accelerated to the same velocity 0, to shine this beam onto a barrier with some 
suitable, regularly spaced slits and to detect the electrons after the transmission 
through the slits by a photographic plate on which each of the electrons will 
produce a visible mark. 


If you were to use the same slits or diffraction gratings as for light (Unit 9), the 
image on the photographic plate, showing the distribution of electrons after the 
transmission, would not be significantly different in either size or shape from 
the image caused by the straight electron beam. But things look very different 
when a beam of electrons is shone at the surface of a perfect crystal, in which 
regularly spaced gaps between atoms perform the same function as slits of a 
diffraction grating, only with a much smaller separation d than in any man-made 
gratings. In this case, the distribution of electrons after scattering from the crystal 
is widely spread and shows maxima and minima, very similar to those in the 
diffraction pattern of light (Unit 9). 


Experiments of this kind were first done by Davisson and Germer in the U.S.A., 
and independently by G. P. Thomson in England (1927). They showed quite 
convincingly that the angular distribution of scattered electrons can only be ex- 
plained by some kind of a wave property, associated with the motion of electrons. 


An aside 


Perhaps you are worried that we are comparing two different things. Diffraction 
patterns produced by light (Unit 9 and the Summer School experiment) were 
observed after the light was transmitted through a grating, whereas, with the elec- 


10 


FIGURE 2 An electron gun. 


trons, we are talking about diffraction patterns after the electron beam was 
scattered by a crystal. It is an experimental fact (that can be explained by the 
theory of wave motion) that diffraction patterns observed after scattering are of 
the same type as diffraction patterns after transmission. Although the first experi- 
ments with electron diffraction were done by scattering, it is possible to provide 
direct evidence of electron diffraction after transmission. Figure 3 compares the 
transmission patterns of electrons and of light, and leaves no room for doubt 
about the essential similarity between the two. 


Figure 4 shows in a diagrammatic form what happens when a beam of electrons is 
scattered at the surface of a crystal. Remember that all electrons in the beam have 
the same velocity t and hence the same momentum p. The fact that they produce a 
diffraction pattern after scattering means that, whatever wave it is that is associated 
with the motion of the beam, it must have a well-defined wavelength A. (You will 
recall that only monochromatic light produces a sharp diffraction pattern.) Thus it is 
reasonable to expect that the wavelength of a wave associated with the motion of the 
electrons is related to their momentum. This can be checked easily 


incident electron beam 
(momentum p) 


—o — regularly 
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by repeating the same experiment with beams of different momentum. If the 
momentum and wavelength are linked, then a different momentum must lead to a 
different spacing in the diffraction pattern. This is indeed the case. 


(b) 
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FIGURE 3 _ Diffraction of electrons and 
diffraction of light: 


(a) diffraction patterns from a double 
slit—electrons on the left (C. Jonsson, 
University of Tubingen); light on the right. 


(b) (left) diffraction pattern produced by 
electrons emitted from a sharp tip and 
passed through a very narrow gap between 
two opaque crystals (by courtesy of the 
Cavendish Laboratory) for comparison with 
(right) light diffracted through an opening 
cut in a metal plate. 


FIGURE 4 Scattering of electrons at the 
surface of a crystal. 
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In Unit 9 (and in the Summer School experiment) you were able to calculate the 
wavelength of light from the measured angular separation between the intensity 
maxima in the diffraction pattern. Since the similarity of diffraction patterns of 
light and electrons has already been established, we can use the same approach 
here. Looking at Figure 4, you can expect that there will be a maximum of electron 
intensity at an angle 0, provided the path difference AD is equal to a whole number 
of wavelengths: 


AD = A, 2A, 3A, -.. (2) 


The path difference AD can be expressed in terms of the regular spacing d between 
the atoms in the crystal: 


AD = dsin@ (3) 


The first maximum will be observed at an angle 6; for which AD, is equal to one 
wavelength, the second at 0, for which AD, = 24 and so on. Hence you can write 
(just as you did for light): 


dsin 0, = na (4) 
where 0, is the angle at which the nth maximum is observed. 


The separation between atoms d can be determined for each crystal by indepen- 
dent experiments. So, by measuring the angles of diffraction maxima, the 
wavelength A associated with the beam of electrons of a particular momentum p 
can be calculated*. The result is that the wavelength 4 and the magnitude of the 
momentum p are related in the following way: 


,=- (5) 


where h = 6.63 x 10~3*Js is Planck’s constant, which we first mentioned in 
Unit 9 in connection with the photoelectric effect. 


Comment In formula 5 we have dropped the arrow indicating the direction of 
momentum. Strictly speaking, the relationship between A and p should be written 
so as to show that the wave associated with the beam travels in the same direction 
as the beam. But, for most practical purposes, it is the relationship between the 
wavelength and the magnitude of the momentum that is important. 


Formula 5 is exceedingly important, because it firmly links one parameter of the 
wave-like model for the motion of an electron beam (the wavelength /) to one 
parameter of the particle-like model of the electrons (the magnitude of the 
momentum p). The fact that the two parameters are linked together through 
Planck’s constant is not an accident. 


ITQ5 Do you recall the relationship between the frequency f of mono- 
chromatic light and the energy E carried by the photons of this light, when 
it interacted with the electrons in metals (photoelectric effect) or with the 
electrons confined within atoms (absorption and emission line spectra)? 
What is the essential similarity between that relationship and formula 5? 


Although formula 5 has been presented here as a result of experimental observa- 
tions, it is interesting to note that it was first suggested in 1924 by the French 
theoretical physicist, Louis de Broglie. At that time, any suggestion that beams of 
electrons may behave in some circumstances as waves seemed crazy to many 
people. But de Broglie argued that iflight needs two different models for the proper 
description of all observed effects, perhaps particles too may show some similar 
dual behaviour hitherto unsuspected and unnoticed? It took three years before 
experimentalists proved that he was right. Formula 5 is, therefore, generally known 
as the de Broglie formula and the wavelength associated with the momentum of 


* Figure 4 implies that electrons are scattered only by the first layer of atoms. In reality, some 
electrons penetrate deeper into the crystal and are scattered by subsequent atomic layers. 
Also, the arrangement of atoms within the crystals is often more complicated than just 
straight rows or columns. All this makes the diffraction pattern more complex, but as long 
as there is regularity in the structure of the crystal, and provided the beam has a well defined 
momentum, it is always possible to analyse the diffraction pattern mathematically to obtain 
a numerical value for 4. 
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moving particles as the de Broglie wavelength. In order to avoid confusion with de Broglie wavelength 2,3 = h/p 
the wavelength of light, sound, radio waves or water waves, we shall use a subscript 
dB for the de Broglie wavelength: 


SAQ 3 A beam of electrons is accelerated to the speed of 10°ms7~?. 
Taking the mass of an electron approximately as 10°°°kg and 
h ~ 10° °° Js, calculate the order of magnitude of the de Broglie wavelength 
associated with such electrons. Compare it with the wavelength of visible 
light and explain why an ordinary diffraction grating of d ~ 10° °m cannot 
produce observable diffraction patterns with electrons. 


1.3 Beams of heavier particles 


Having seen that electrons are propagated in the same way as waves, we now 
move on to other types of radiation, to beams of considerably heavier particles. As 
you will recall from Units 10 and 11, most of the mass of an atom is contained in its 
nucleus. Roughly speaking, an electron is about 2000 times lighter than a proton 
or a neutron. Thus, at the same velocity, the momentum ofa proton is about 2 000 
times larger than that of an electron and, correspondingly, its de Broglie 
wavelength 2000 times smaller. Equation 4 tells you that if Ayg is 2000 times 
smaller, so will sin @ be (for the same d). This means that the angular separation 
between diffraction maxima for protons and neutrons scattered by crystals would 
be very small indeed. In practice, clear diffraction patterns can only be obtained 
for very slow neutrons and protons, when the wavelength is relatively long. (In- 
cidentally, the diffraction of slow neutrons is one of the most important modern 
techniques for studying the structure of crystals.) 


For faster protons and neutrons, and for beams of light nuclei, the diffraction 
effects can be observed in collisions with other nuclei, atoms or molecules. Thus, 
for example, Figure 5 shows how many deuterons (a deuteron is a nucleus consisting 
of one proton and one neutron) are observed in different directions, with respect to 
the direction of the original beam, after the deuterons have collided with the nuclei 
of nitrogen. After the collision, most deuterons are propagated more or less forward 
in the initial direction (around 0°), but there are two clearly visible maxima at 
larger angles. This curve shows a remarkable similarity with the distribution of 
light diffracted through a slit, as discussed in Unit 9. Compare the shape of the 
shaded half of Figure 6 with the shape of the curve in Figure 5. 


relative intensity 
arbitrary units 


intensity # 
| 
| 


0 90 180 scattering angle 
scattering angle/degrees 
FIGURE 5 Angular distribution of intensity of deuterons elast- FIGURE6 Distribution of the intensity of light diffracted in pass- 
ically scattered by nitrogen (adapted from results obtained by ing through a slit, or in scattering at a small obstacle. 


W. M. Gibson and E. E. Thomas). 
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Similar diffraction phenomena have now been observed for beams of heavier 
nuclei, as well as for beams of atoms and molecules. This is very significant, in that 
whereas electrons, protons and neutrons can be regarded for all practical pur- 
poses as ‘elementary particles’, atoms and molecules are clearly groups of many 
different particles bound together. Nevertheless, in collisions with other target 
atoms, they are diffracted as complete units. Moreover, the angles of the diffraction 
maxima of these large particles depend upon their momentum in exact accor- 
dance with the de Broglie formula, just as they did for the electrons. 


It is, therefore, established experimentally that all beams of particles—from elec- 
trons, protons and neutrons, to nuclei, atoms and molecules—behave in some 
way as a wavelike motion. The characteristic wavelengths of their waves are 
determined by their momenta, according to the de Broglie formula 5S. 


Propagation of macroscopic objects 


In the previous Sections we have been concerned with particles so small that most 
of them, with the exception of large molecules, are beyond the range of direct 
visual observations. You might well think that although it sounds odd to talk 
about the beams of such particles being propagated as waves, it has to be accepted 
on the strength of the experimental evidence. But surely it would be outrageous to 
suggest that streams of spherical marbles, billiard balls, or bullets fired from a 
machine-gun, are propagated as waves? 


Clearly, if you were to aim a stream of marbles of diameter 8 mm at the centre of a 
gap of, say, 10 mm width in a wall, you would not see any diffraction pattern at the 
other side. Each marble would just go straight through. Obviously, the idea of 
wavelike motion does not apply to such objects. Or does it? 


This argument may sound very convincing, but it contains a major flaw. Can you 
see what it is? (Hint Recall the condition for the observation of diffraction 
effects (SAQ 3).) 


Diffraction effects are determined by the relative size of the wavelength and the 
size of the slit. Hence the argument above, which is based on the physical size of 
the marbles, is irrelevant to the wavelike properties of a stream of marbles. 


SAQ 4 If a marble of mass 10°7kg, moving with speed I1ms~*, had a 
wave-like nature, what would be its de Broglie wavelength 433? Could any 
diffraction effects be observed when a stream of such marbles pass through 
a gap 10mm wide? OSs 
jah 

SAQ 5 Suppose that a stream of marbles, such as that described in SAQ 
4, is made to pass through a grid (diffraction grating) containing gaps (each 
of which is sufficiently large to let a marble through), regularly spaced with 
the separation d = 10° * m. Calculate the angle at which the first diffraction 


maximum would occur. 


Your answers to SAQs 4 and 5 tell you that for objects of everyday mass, moving 
at everyday speeds, the de Broglie wavelength is so minute that corresponding 
diffraction effects cannot be observed. But this is not the same as saying that the 
de Broglie relation is wrong, or that it is not universally applicable. Although you 
cannot experimentally prove the existence of diffraction effects for marbles and 
balls, the application of the de Broglie formula does not lead to any contradic- 
tions. Indeed, its consequences are in complete agreement with ordinary 
observations. 


Thus the non-observation of diffraction effects for marbles confirms, rather than 
rejects, the claim that the wave theory applies to the propagation of all objects, large 
or small, light or heavy, slow or fast. This enables us to use the same kind of 
mathematics to describe the motion of electrons, as well as that of marbles and 
billiard balls. As you know from Unit 3, material objects not acted upon by any 
force move in straight lines. In the context of the wave theory of motion, the 
motion of a body in a straight line can be regarded as a limiting case, as a wave 
motion in which the wave has a negligibly small wavelength. 
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A brief summary of Sections 1.2 to 1.4 


All objects, normally regarded as particles, display some wave properties. These 
are manifest in diffraction effects. Mathematically all such diffraction effects can 
be described by associating with the momentum f of the particle a de Broglie 
wavelength A433, according to the formula 


Aa = — 
e 


where h = 6.63 x 10° **Js and is-Planck’s constant. 


The de Broglie wavelengths of common-or-garden objects of everyday life are 
too small to produce observable diffraction effects. Their motion in a straight line 
can be regarded as wave motion in which the wave has a negligibly small 
wavelength. 


The principles governing the propagation of waves and particles 


In Unit 4 you met a very general principle that helped you to understand how Section 1.5 can be treated as optional 
seismic waves are propagated through the Earth. The same principle, known as reading. It describes an interesting aspect of 
the Fermat’s principle of least time, also applies to other kinds of wave motion, the underlying uniformity of nature, but it is 
such as sound, light and radio waves. Its applicability to light is nicely oo essential to the main story 

of the Unit. 


demonstrated in Figure 7. The light from the Canigou mountain could not have 
reached the photographer’s camera in Marseilles by travelling in a straight line, 
since a straight line connecting the two places goes through the land and water, 
impenetrable by light. The light must have followed a curved path, determined by 
the variations in the density of the air above the Earth’s surface between the two 
places. The variations of density lead to the variations of the velocity of light in 
different layers of the atmosphere, with the result that the actual path of light (the 
quickest one) is not the one along the straight line. For all kinds of wave motion, 
knowledge of the changes in the medium makes it possible to predict the path the 
wave disturbance will follow. And vice versa, from the observation of the path of 
the wave motion, it is possible to obtain some information about the changes in 
the properties of the medium. 


Ades 


FIGURE 7 The Canigou Mountain, seen from Marseilles, horizon of the observer at Marseilles and can only be seen 
silhouetted against the setting Sun. The mountain lies below the because light follows a curved path. 


In the previous Sections of this text, you have been presented with experimental 
evidence that beams of particles exhibit diffraction effects, thus indicating some 
kind of wave-like behaviour. You may well ask: does Fermat’s principle of least 
time apply also to the motion of electrons, atoms, marbles and stones? 
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Suppose that all you know is that a stone thrown from a point A has landed at a 
point B on the Earth’s surface. Will Fermat’ s principle enable you to choose the 
path along which the stone travelled between A and B? (See Figure 8.) The 
question cannot be answered, unless some information is given about the initial 
conditions, such as the mass of the stone and the velocity given to it at point A 
(note that velocity means both the direction of the throw and the speed). After all, 
even for light, Fermat’s principle can be usefully applied only when its frequency 
and its velocities in the different media are known. 


Let us analyse the situation when the stone is thrown from A with the same initial 
speed, but at different angles. Which of the paths, shown in Figure 8, would be 
selected by the straightforward application of the Fermat’s principle? 


height above 
surface 


distance on Earth's surface 


FIGURE 8 Hypothetical paths of a stone thrown from A to B. 


Given the same initial speed, it would appear that the quickest route from A to B 
would be along the horizontal straight line. Every other path is longer and is also 
followed at a lower average speed, as the stone always slows down on the way up. 


Can a stone from A reach B along a horizontal straight line? 


Excluding the unreal cases of either an infinitely short distance between A 
and B or an infinitely fast speed, clearly not. The stone will be pulled down 
along the way from A to B by the force of gravity. 


Thus a direct application of Fermat’s principle leads to the choice of a path that is 
physically impossible. 


Of course, it would be possible to analyse our problem by the application of 
Newton’s laws, the theory of gravitation and the conservation laws for energy and 
momentum. This would show that, for a given distance A-B, a given mass m and a 
given direction of throw, there is one and only one value for the initial speed at 
which the stone will reach B, along a unique path, that is of parabolic shape, 
symmetrical about the line n (Figure 8). 


Is there a simple principle that would single out this unique path in a similar way 
to that in which Fermat’s principle of least time singles out the path of a wave 
motion? Well, it turns out that there is such a principle and that it was first 
formulated more than two centuries ago by a French physicist by the name of 
Maupertuis (1699-1759). In order to appreciate the meaning of this principle, it is 
necessary to introduce a new physical quantity, which you have not met before. 


Figure 9 shows the path of a particle (a stone, a gun shot or any other projectile) 
divided into small segments of equal length As. The size of the segments is chosen 
so that within each one of them the momentum # of the moving projectile can be 
considered approximately constant. (Clearly, for maximum accuracy the length of 
the segments As must be as small as possible. In mathematical language we would 
say that ‘As should converge to a point’.) Since the momentum changes contin- 
uously all the way from A to B, the product of p - As will have a different value for 
each individual segment. For the whole path we can now define a new quantity, 
called action, as follows: 


a(A > B) = p,As + p2As + p3As + °°: (6) 
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action 


Or, in a shorter form: 
B 
a(A—>B)=Y As: py, (7) 
A 
where the symbol )% stands for the sum of all contributions p- As from individual 


segments all the way from A to B and py stands for the magnitude of the momen- 
tum, which clearly depends on the height H of each segment above the level A-B. 


height above 
surface 


H¢ 


A B 
distance on Earth’s surface 


FIGURE 9 Maupertuis’s principle of least action (motion of a 
particle). 


sss 


An aside 


It is easy to derive an explicit formula for the magnitude of the momentum p, as a 
function of height H, provided the initial kinetic energy E at point A is known. 
From the conservation of energy (Unit 8) it follows that, for any point at height H, 
it must be true that: 


= 4mv}, + mgH (8) 


where vy is the speed of the projectile at the height H and g is the acceleration due 
to gravity. Bring the term mgH to the left-hand side of equation 8 and multiply 
both sides by 2m: 


2m(E — mgH) = mv}, = p?, 
and hence: 


Pu =./2m(E — mgH) (9) 


Maupertuis’s principle of least action, which singles out the one and only path that 
@ particle of mass m and initial energy E will follow between A and B, says that the 
total action along the path must be a minimum. That is, using expression 7: 


B 
a(A > B) = ) As- py is a minimum (10) 
A 


It is encouraging to note some basic similarity in the formulation of this principle 
and Fermat's principle. In both cases, the path of propagation seems to be 
determined by the minimum possible value of one physical quantity—time for 
waves, action for particles. Indeed, the similarity between the two principles is 
even Closer. It is possible to reformulate Fermat’s principle of least time in a way 
analogous to that in expression 10. 


In Figure 10, the path of light from A to B is divided into small segments of equal 
length As. Since the velocity of light depends on the density of the atmosphere, 
which in turn varies with height H, it is desirable to choose the length of the 
segments so that within each one of them the velocity can be regarded as approxi- 
mately constant. Each segment can then be characterized by the time At, it takes 
light to travel through it, that is: 


Uy 
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Maupertuis’ principle (of least action) 
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The time taken over the whole route from A to B can then be expressed as: 


See es es (12) 


A A UH 


where the summation sign )‘4 and the subscript H have the same meanings as 
before (expression 7). If the velocity of light is known as a function of height, the 


height above 
surface 


Earth’s surface 


FIGURE 10 Fermat’s principle of least time (propagation of 
light). 


value of expression 12 can be calculated for any conceivable route from A to B 
(Figure 10), and the path that the light will actually take will be the one for which: 


= Ae = 
t(A—> B) =) — is a minimum (13) 


A UH 


This is very similar in form to Maupertuis’s principle (expression 10), though 
clearly not identical. It should not really be all that surprising to find out that 
Fermat’s principle does not apply to the motion of particles in the same way as it 
does to wave motion. After all, for every kind of wave motion that you have met 
before, its propagation through a medium did not involve any bulk transfer of the 
mass of that medium in the direction of the wave. It was the disturbance of the 
medium that travelled forward, not the medium itself. On the other hand, in a 
beam of electrons or in a volley of gunshots, it is the electrons and the bullets that 
travel—there is a real transfer of mass forward, in the direction of motion. Thus the 
waves associated with beams of particles (de Broglie waves) must be of a different 
nature from that of any other waves. We shall return to this in Section 3. 


However, in spite of their different physical nature, all wave motions can be 
described by the same type of mathematics. Thus, if you substitute into the formu- 
lation of Maupertuis’s principle of least action, as given in expression 10, the de 
Broglie formula for the wavelength A,g associated with particles of momentum fp, 
you get: 


Aw Y as() (14) 


where h is Planck’s constant. Remembering that h is a universal constant, the 
requirement of Maupertuis’s principle can be expressed thus: 


B As a 
3 . must be a minimum 
A 


: (15) 
for the path of particles (is = "| 


Similarly, for any usual wave motion, the velocity vy in expression 13 can be 
replaced by the product f- A,,, where the frequency f is a constant for the given 
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radiation (Unit 9) and A, changes with the changes of v,,. Thus, expression 13 can 
be written as: 


FIGS, es (16) 
KR fo Aun 
and Fermat’s principle then requires that: 
B 
23 es must be a minimum 
oe (17) 


for the path of wave motion (is = =) 


I 


Note that statements 15 and 17 are of identical form. 


Although we should always be aware of the different nature of the waves, it is 
possible to formulate a simple, general, principle of propagation, covering all 
kinds of radiation: 


Any type of radiation chooses that path between two points that is charac- 


terized by the least number of wavelengths. 


ITQ 6 Explain why statements 15 and 17 are equivalent to the require- 
ment of the least number of wavelengths. 


Wave trains and wave packets 


If this idea of describing the propagation of objects in terms of wave motion is 
new to you, as it probably is, you may well find it takes a time to assimilate. For 
example, you may want to argue that macroscopic objects do not look like waves. 
Travelling waves spread out through space, but moving particles tend to be more 
localized, they have well-defined shapes and positions. 


If this is what you are thinking, it would help you to recall that there are different 
kinds of travelling waves. On the one hand, there are travelling waves consisting 
of a continuous sequence of regularly spaced ups and downs (crests and troughs). 
This regular spacing defines the period (Unit 1) of such a wave train. Ripples on 
the water surface, spreading away from the point of disturbance, are one example. 
Sound spreading out from the vibrating part of a musical instrument or a tuning 
fork is another example of a wave train, although here, instead of ups and downs, 
we have regularly spaced regions of compressed and rarified air. 


On the other hand, if you pick up one end of a long, loose rope and give it a sharp 
jerk upwards, you will create a single hump, travelling forward along the rope. 
This is also a travelling wave, because all parts of the medium (the rope in this 
case) experience this up-and-down wobble, albeit not all at the same time. 


Which type of wave motion do you think is more likely to be associated 
with the motion of a macroscopic object? 


As we have said, macroscopic objects normally have well-specified positions in 
space. If one wants to use a wave model to specify the position of a particle, it is 
natural to choose wave motion that, at a given time, is also more or less localized. 
So, one would prefer the single-jerk-type travelling wave to a continuous wave 
train. But there is a snag. 


If you accept a travelling hump as a model for a moving particle, what 
would you associate with the de Broglie wavelength of the object? 


We seem to have a problem. Wavelength and frequency have well-defined mean- 
ings for a travelling wave train. But how can you speak of a wavelength in the case 
of a travelling hump of, perhaps, irregular shape? 


travelling wave trains 
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Fortunately, there is a way out of this tight corner. It turns out that a travelling 
hump of almost any shape can be regarded as a combination, a superposition, of a 
number of infinitely long wave trains. It is, therefore, customary to call such a less 
regular, single-hump-type travelling disturbance a wave packet, indicating that it 
is created by packing together many individual wave trains of different frequen- 
cies. To make this idea clearer and more acceptable, look at Figure 11. The two 
travelling wave trains A and B have a different wavelength. They are out of step at 
the origin O (one going up, the other down) but, because of their different 
wavelengths, they get repeatedly in step and out of step later. The disturbance that 
results from their combination (superposition) has the form of widely spaced 
travelling humps, with zero amplitude at X and maximum amplitude at Y. 


amplitude 
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As you can see, the combination of just two wave trains already creates a series of 
wave packets. By choosing a different pair of waves, we can produce wave packets 
of different length and separation. It is not difficult to believe that, by adding a 
third wave train of suitably chosen wavelength, we could further enhance one 
particular wave packet and suppress the neighbouring ones. By a judicious com- 
bination of a larger number of wave trains with suitably chosen wavelengths and 
amplitudes we can eventually create a single travelling wave packet of any desir- 
able shape and size. Conversely, a wave packet of given shape and size can be 
analysed and decomposed, as it were, into its component wave trains. There is a 
special mathematical procedure (called Fourier analysis) for this purpose, and 
there are electronic instruments that provide a visual display of wave trains and 
wave packets. Figure 12 gives you an indication of this. Pictures A to K show ten 
different wave trains, and the other five pictures show the results of combining 
different component wave trains. 


Notice how combining more wave trains leads to a narrower, more localized, 
wave packet. Thus the narrower the wave packet, the more frequencies are in- 
volved in its composition and the less meaningful it is to speak about the packet’s 
frequency or wavelength. Wave packets cannot have a precisely defined wavelength, 
they are mixtures of wave trains of different wavelengths. 


To recapitulate: 
we know that moving particles have some kind of wave properties; 
we find that the motion of a particle can be modelled by a travelling wave packet; 


in constructing a travelling wave packet from a large number of different wave 
trains we lose the ability to describe it in terms of wavelength or frequency. 


The narrower the wave packet, the better it resembles a moving particle. The 
position of such a narrow wave packet at a given instant can be a true represen- 
tation of the position of a moving particle at the same instant. However, there is a 
price to be paid for this. As you know from Section 1.2, there is a direct relation- 
ship between the momentum of moving particles and the wavelength that corre- 
sponds to their motion and determines their diffraction patterns. A narrow wave 
packet, as you have just seen, does not have a well-defined wavelength and, there- 
fore, it cannot convey any information about the momentum of the moving particle 
that it represents. Clearly, you cannot have it both ways, when you have to take into 
account both the particle and the wave nature of matter. The more you know 
about the position (narrow wave packet), the less you can tell about the momen- 
tum of a particle (the wavelength of the wave packet is not defined). We shall 
return to this problem later (Section 4). 
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travelling wave packets 


FIGURE 11 Two wave trains A and B of 
different frequency combine to produce a 
disturbance consisting of widely spaced 
humps. 
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Before we leave the subject of waves, note that in this Unit we are dealing with 
continuous travelling wave trains and with travelling wave packets. These are 
suitable models for particles moving in space. But what about particles that are 
confined within small closed systems, such as, for example, electrons in atoms? 
We shall answer this question in Unit 30. 


Summary of Section 1 


Before you move on, here is a summary of what you should have learnt from this 
Section: 


1 In any collisions between particles, the total momentum is always conserved; 
total energy is also always conserved (if there is no friction and no permanent 
deformations). Simultaneous application of both conservation laws makes it pos- 
sible to predict unambiguously the outcome of such interactions. (Section 1.1; 
ITQs 1-4; SAQs 1 and 2) 


2 Electrons, protons, neutrons, nuclei, atoms and molecules exhibit observable 


diffraction effects (Sections 1.2, 1.3). 


3 The diffraction patterns produced by beams of particles can be described by 
associating with each particle of momentum @ a de Broglie wavelength A, = h/p. 
(Sections 1.2 and 1.3; SAQ 3; ITQ 5) 


4 The de Broglie formula can be applied to particles of any size, including 
macroscopic objects. However, for particles of large mass (large momentum), the 
de Broglie wavelength is so extremely small that associated diffraction effects 
cannot be observed. (Section 1.4; SAQs 4 and 5) 


Iil=U+C+H V=HI+B+4+J V=IV+A+K 


FIGURE 12 Ten wave trains of different 
wavelength (A to K) and five wavepackets 
(I to V) combined from different wavelengths 
(display on the screen of an oscilloscope). 
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5 The principles that govern the propagation of electromagnetic radiation 
(Fermat) and the motion of particles (Maupertuis) have been shown to have the 
same mathematical form. Thus, all forms of propagation of energy and momen- 
tum can be described by wave theory. (Section 1.5; ITQ 6) 


6 The position of a body moving in space can be modelled by a travelling wave 
packet. Wave packets do not have a precise wavelength; they are combined from 
wave trains of different wavelengths. (Section 1.6) 


If all items in this Summary mean something to you and if you were able to do the 
ITQs and SAQs, you will have achieved the aim of this Section. 


How energy and momentum are transferred in 
interactions 


Section 1 dealt with the description of motion. The main result is that a unifying 
mathematical model has been found that can describe equally well the propaga- 
tion of energy and momentum, whether carried in the form of seismic waves, 
electromagnetic radiation, or beams of particles. You may recall that in Unit 9 the 
wave model of light was found to be appropriate for the explanation of all effects in 
which light simply travelled from one medium to another or was transmitted 
through slits in barriers. In Section 1 of this text, we have extended the application 
of a modified wave model to the propagation of atomic particles and macroscopic 
objects. But in Unit 9 the wave model was found to be inadequate for the under- 
standing of processes such as those involved in the transfer of energy from light to 
electrons. We had to introduce the concept of photons, which later proved useful 
for explaining the emission and absorption spectra of atoms (Units 10 and 11). 


In this Section, we are going to look again at the processes that involve transfer 
of energy and momentum in interactions. 


The interactions between macroscopic objects, nuclei and electrons 


We need say little about collisions between macroscopic objects, such as motor 
cars or billiard balls. Such interactions are well understood and unambiguously 
described in terms of exchanges of energy and momentum, subject to the conserva- 
tion laws. Experiments in nuclear physics show that the same is true for the 
collisions between atoms, nuclei and electrons. For example, in Figure 13 a fast 
electron enters a bubble chamber and collides with another electron, belonging to 
an atom of the liquid. The second electron is hit sufficiently hard (that is, it is 


scattered electrons 
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collision point 


FIGURE 13 A collision of an electron (entering from the left) with an 
atom of liquid in a bubble chamber. One atom’s electron is knocked away 
from its original atom and forms a track of its own. 


given enough energy and momentum) to break loose from its parent atom and to 
form a trail of bubbles showing its path. By measuring the tracks of the particles 
involved in the collision, it is found that total momentum and energy are con- 
served, just as in the collisions of large objects. (You will learn more about bubble- 
chamber tracks in Unit 31.) 
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propagation of any radiation is described 
by waves 
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2.2.1 


2.2.2 


The interaction of electromagnetic radiation with macroscopic 


objects, atoms and electrons 


In Unit 9 you were presented with one particular kind of interaction between 
electromagnetic radiation and metals, known as the photoelectric effect. In this 
interaction, electrons are released from the metal by absorbing energy supplied by 
the light of suitable frequency. 


The photoelectric effect 


The experimental observations, collected in detailed investigations of this effect, 
can be summed up in the following points: 


1 For each given metal there is a characteristic threshold frequency f,. Regardless 
of its intensity, a radiation of frequency less than f, does not release even a single 
electron. Radiation of frequency higher than f,, on the other hand, releases elec- 
trons immediately, no matter how weak its intensity. 


2 The number of electrons released per second is proportional to the intensity of 
radiation (Figure 14). 


3 The maximum kinetic energy of released electrons increases as the frequency of 
radiation increases (but is independent of intensity). 


4 The relationship between the maximum kinetic energy of photoelectrons and 
the frequency of radiation is the same for all metals (Figure 15—all lines for 
different metals have the same slope, they differ only in the threshold frequency hi). 


maximum kinetic energy 
of emitted electrons 
Pues 


slope of all lines = 
ae Emax = h 
t det 5 


ft f 


frequency of incident 
radiation 


FIGURE 15 The photoelectric effect on different metals. 


Points 1 to 4 are a short summary of more detailed explanations given in Unit 9. If 
you need to refresh your memory, go back to Section 6 of Unit 9 and do the SAQs 
at the end of that Section. 


In order to explain these observations, it was necessary to abandon a wave model 
of light and to accept that, in the interaction with metal, light behaves as a stream 
of particles, called photons. The frequency f that describes the wave before interac- 
tion is connected with the amount of energy E carried by one photon taking part 
in the interaction, by the formula: 


E=hf (18) 


where h = 6.63 x 10° °*Js and is Planck’s constant. Our explanation of what 
actually happens in the photoelectric effect assumes that each photon is fully 
absorbed by an electron. The photon disappears and its energy hf is used in part to 
free the electron from its bond in the material and the rest is transferred to the 
electron as kinetic energy. 


The Compton effect: do photons have momentum? 


The photoelectric effect is an example of a complete transfer of energy from the 
photons of the radiation to the electrons of the metal. There is, however, another 
type of interaction between electromagnetic radiation and electrons in solids, in 
which only partial transfer of energy takes place. 
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FIGURE 14 The number of photoelectrons 
released in one second by radiation of 
frequency higher than threshold frequency 
increases with increasing intensity of 
radiation (number of electrons «IaA?). 
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This effect is known as the Compton effect, after the American physicist A. H. 
Compton, who observed it first in 1924. He irradiated different materials with 
beams of X-rays and studied what happened to the frequency and intensity of the 
initial beam in interactions with the electrons inside materials. 


He discovered that X-rays of a single frequency f, travelling towards the 
target in a very narrow, well-defined beam, were scattered, spread out in a very 
wide range of directions after passing through the target, and that the scattered 
X-ray radiation had lower frequencies than the initial beam. Moreover, there was 
a clear relationship between the angle of scattering 6 and the loss of frequency 
Af=f—f' (Figure 16). The larger the angle of scattering, the lower was the 
frequency f’ of the scattered radiation. 
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FIGURE 16 Compton scattering—the scattered X-rays have 
lower frequency than the incident X-rays. 


How can this observation be explained? As you know, X-rays are just another 
form of electromagnetic radiation, different from light and radio waves only in the 
frequency of the wave. Yet, here the behaviour of X-rays in the interactions with 
atomic electrons differs significantly from the photoelectric effect. In the pho- 
toelectric effect, the energy of oncoming light is absorbed in units of full photons. 
In the Compton effect, only part of the energy of each X-ray photon is transferred 
to the electron. The amount of energy transferred to the electron is clearly equal 
to: 


AE = hAf = h(f—f') (19) 


All this seems reasonable enough, but why should the direction in which the X-ray 
photon continues depend on the amount of energy it loses in the interaction? This 
cannot be explained by energy changes alone, since energy does not depend on 
the direction of propagation. Photons of radiation of frequency f carry energy hf 
wherever they go, just as the kinetic energy of a car depends only on its speed, 
not on the direction of travel. 


The only way to make sense of the Compton effect is to accept that photons must 
carry some momentum, and that during the interactions with target electrons both 
energy and momentum are transferred, in accordance with the conservation laws. 


This creates a problem: how would you describe the momentum of a photon? For 
ordinary particles, momentum was defined as the product of their mass and their 
velocity. But photons do not have any mass, in the meaning defined in Unit 3. You 
cannot catch a photon and compare its inertial and gravitational properties with 
those of a test object of unit mass. Furthermore, in a given homogeneous medium, 
electromagnetic radiation of given frequency always travels at one constant speed, 
you cannot accelerate it or slow it down. Clearly, the momentum of a photon 
cannot be defined in terms of mass and velocity. Yet, the Compton effect leaves no 
other option but that photons must have momentum. Thus, experimental neces- 
sity forced physicists to accept that momentum is a more general, more fundamental , 
concept than those of mass and velocity. Only in the special case—of objects c= 
having a measurable mass m and moving with velocities ¢, very small compared 
with the velocity of light—can the momentum be written as m- 7. In the case of 


electromagnetic radiation, the momentum of the photons is deduced from the momentum of a photon p = hf/c 
results of the Compton experiment, using the laws of conservation: a) 

{ iitaiciiabcio ire af \n\ | 

| the magnitude of the momentum is p = oe (20) no 7. 
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the direction of the momentum is that in which the radiation is propagated. 


In formula 20, h is Planck’s constant (6.63 x 10° **Js), f is the frequency of 
radiation, and c is the speed with which the radiation of frequency f travels in the 
given medium. 
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With this definition of momentum, the results of the Compton scattering experi- 
ment can be described in the same way as a collision between two macroscopic 
objects. Figure 17 shows this in a diagramatic form. Note in particular that 
because the oncoming radiation had no component of momentum in the direction 
y, the two y-components after the interaction must add to zero (remember Section 
1.1). Appendix 1 (optional) spells out mathematical equations for the conserva- 
tion of energy and momentum in Compton scattering. 
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(b) Compton scattering 


In Section 1 we found that the propagation of light and the propagation of beams 
of particles can both be described by the same mathematical formulae in terms of 
a wave model. 


Now, in Section 2, we have just reached the conclusion that the interaction be- 
tween electromagnetic radiation and electrons can be described by the same 
mathematics as collisions between macroscopic objects, in terms of a particle 
model (exchanges of momentum and energy, subject to the laws of conservation). 


Thus we have a problem of terminology. Should we refer to electrons, protons, 
atoms, etc., and to photons, as waves or as particles? As you would have seen 
many times by now, this is not a problem of which of the two descriptions is right 
and which is wrong. Neither of them is completely right or completely wrong; 
either of them is appropriate in certain circumstances and not in others. 


In order to circumvent this problem of terminology and to emphasize the underly- 
ing uniformity in the behaviour of different forms of physical reality, we introduce 
a new term: QUANTUM. This term covers electrons, protons, neutrons etc., as 


a 


photoelectric effect, the Compton effect and de Broglie waves. In the rest of this 
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FIGURE 17 Diagram illustrating the 
analogy between the Compton scattering and 
the collision of two bodies (energy and 
momentum are conserved). 
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2.3 


Unit we shall develop some very general principles of quantum theory. In Unit 30 
some of these principles will be applied to the understanding of the structure of 
the atom. 


SAQ 6 Compare formula 20, for the momentum of a photon, with the de 
Broglie formula for the wavelength of a particle (Section 1.2, equation 5). 
Are they the same or not? What can you conclude from this about the way 
in which the concept of wavelength was applied to particles (de Broglie) 
and the concept of momentum to electromagnetic radiation (Compton)? 
In your comparison, consider only the magnitude of momentum, do 
not worry about the direction arrows. 


SAQ7 A beam of X-rays of frequency f = 10'* Hz undergoes Compton 
scattering by stationary electrons. Assume, for simplicity, that after one 
particular scattering both the electron and the scattered photon move in the 
same direction as the initial X-ray beam. What is the magnitude of the 
momentum of the electron after the collision, if the frequency of scattered 
radiation is f’ = 9.9 x 101’ Hz? 


(Take h ~66 x 10-4 Js;c=3 x 10° mia @ 


SAQ 8 Will the electron, with the momentum calculated in SAQ 7, be 
moving very fast, or very slowly? Make a guess first; then do an approxi- 
mate calculation taking m,, ~ 107 °° kg. 


Summary so far 


To our previous statement (Summary of Section1) that: 
1 All radiation is propagated as travelling waves, 
we are now in position to add a second, equally general, statement that: 


2 The interaction of any radiation with matter may be described in terms of ex- 
changes of energy and momentum between quanta. 


Thus, all forms of matter behave in a uniform way in each of the two different 
types of situations—in propagation and in interactions. The wavelength A and the 
frequency f are concepts associated with the wave-like behaviour that character- 
izes propagation. The momentum f and the energy E, on the other hand, are 
concepts associated with the quantum behaviour of matter, as revealed in 
interactions. 


The de Broglie formula: 
Aas = — 
Pp 


and the previously established relationship between energy and frequency: 


provide, through Planck’s constant h, a quantitative link between the two types of 
behaviour (propagation and interaction), and between the two models that 
describe this behaviour (waves, particles). 


To be able to describe all propagation and all interactions so succinctly, you must 
surely agree, is immensely satisfying. One of the primary aims of any scientist is so 
to order observations, that all phenomena can be described in terms of only a few 
basic principles. Quantum theory certainly embodies some most powerful unifying 
principles. It is even more than that; as you will see in the remaining Sections, it 
has deep philosophical implications too. 


An aside: is quantum theory relevant to everyday life? 


You may have been puzzled by the approach we have taken so far in trying to 
discuss, in a very general way, the propagation of energy and momentum by 
different kinds of radiation, and the exchanges of energy and momentum in 
interactions that led to the loss of distinction between waves and particles. Why 
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interactions are described by exchanges 
of energy and momentum between 
quanta 


did we not get straight to the point and asked much simpler questions, such as: 
‘What is light made of—waves or particles? and ‘What are electrons—particles or 
waves ?” 


Well, the problem is that questions like these cannot be answered. You saw in 
Unit 9 that our conceptual models of light reflect correctly only some aspects of 
the behaviour of light in certain well specified circumstances. All we have done so 
far in this Unit is to show that even ‘particles’ are not quite what they appear to be 
in ordinary circumstances. There are situations in which the actual behaviour of 
objects such as electrons, protons, atoms and molecules, just cannot be under- 
stood if we try to vizualize them as tiny solid balls of well-defined shape and size. 
Indeed, the main reason why the birth of quantum theory was an intellectually 
painful process—extended over a period of a quarter of a century—was the 
insistence on asking, and trying to answer, unanswerable questions about the 
nature of these objects. It is now accepted that quantum theory is a theory of 
behaviour, not a theory of the inherent attributes of material objects. 


Before you dismiss quantum theory as being evasive, stop and think for a moment 
about some very simple and clear statement, such as, for example: ‘This object is 
blue’. You may think that this statement tells you something about the nature of 
the object and not just about its behaviour. But does it? 


If you were to examine the same object in a room illuminated by a red lamp, it 
would no longer be blue, it would appear black. If you heated it to a sufficiently 
high temperature, it would glow red, or even white. So, the apparently clear 
statement above does not tell you anything about the nature of the object. In fact, 
expressed in this form, it is almost useless. The only reason why it seemed so clear 
is that, without saying so, or being aware of it, you took the meaning of that 
statement to be something like this: ‘When irradiated with ordinary daylight 
(white light), this object reflects only the blue part of the spectrum’. So, it is no 
more than a statement of behaviour. It is no different in kind from the statements 
of quantum theory. There is no more evasion or contradiction in saying: ‘Elec- 
trons behave as waves in some situations and as particles in others’, than there is 
in realizing that one and the same object can be both blue and black. 


Continuing the aside, let us consider another general point about quantum 
theory—its relevance to everyday life. You may feel that we are making much ado 
about nothing. After all, if streams of marbles cannot produce any detectable 
diffraction effects, why did we bother to show that they too are described correctly 
by quantum theory? Smaller, invisible, particles show diffraction effects—but who 
cares? How does this help us to understand practical problems? 


Well, there is a staggering multiplicity of chemical substances in living organisms 
and in the inorganic materials in the Universe. Yet all this multiplicity results from 
combinations of a relatively small number of chemical elements. Furthermore, the 
structure of different elements can be broken down into very few building bricks, 
from which they are all made according to some common rules. The existence of 
these building bricks, as well as the rules of their combination, are elucidated by 
quantum theory. 


And it is not just understanding for its own sake. Understanding is a necessary 
prerequisite for making use of things. It is no exaggeration to claim that some of 
the most far-reaching advances in modern science and technology—including 
chemistry and biochemistry—have grown from the applications of quantum 
theory. Without this theory, there would be no nuclear power stations (and no 
nuclear bombs, of course), no transistor radios and telecommunication satellites, 
no understanding of the genetic code, no computers and pocket calculators, etc. 
For better or worse, quantum theory is very relevant to our everyday life. 


Probability waves 


In the photoelectric effect, the number of electrons released in one second from an 
illuminated metal plate was found to be proportional to the intensity of the light 
shining on it. If each electron is ejected by a collision with a photon, the intensity 
of the light falling on a given surface must be proportional to the number of 
geecte arriving on that surface i in one e second. Now suppose light passes through 
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a narrow slit, as in Figure 18. In this diagram, as in all the subsequent diagrams 
showing arrangements of slits, it is to be understood that the long dimension of 
the slit is at right angles to the plane of the paper; the gap shown represents the 
width of the slit. 


Earlier, it was shown that for this experimental arrangement the form of the 
intensity distribution after the slit is that of Figure 6. From this distribution, it can 
be seen that, for example, the intensity of the central maximum is about 20 times 
that of the first diffraction maximum. It therefore follows that 20 times the 
number of photons arrive on the screen in a small region opposite the slit (posi- 
tion A of Figure 18) as will arrive on an area of equal size situated at the first 
diffraction peak (position B). Thus, the wave behaviour determines how many 
photons arrive on each part of the screen (the quantum behaviour of course 
determines how the photons interact once they arrive). 


So far so good. But what if the slit is opened and closed very rapidly so that the 
average energy transmitted in the time it is open is less than the energy of a single 
photon? Does only a fraction of a photon arrive at the screen? We appeal once 
again to experiment. It is found that when light of very low intensity is allowed to 
pass through an opening for a tiny fraction of a second (in one particular version 
of the experiment the time was one nanosecond), either a photon with the whole 
energy hf, arrives at the screen, or none at all. 


Given then that only a single photon’s worth of light arrives at the screen, what 
happens to the intensity distribution? Does the photon smear itself out to form a 
diffraction pattern? 


No. The photon does not spread itself out—that much is once again established 
by experiment. When a single photon arrives, it strikes one, and only one, position 
on the screen. Whereabouts on the screen it will strike cannot be predicted. 


Are there any regions of the screen to which you might guess the photon 
would not go? 


All that can be known in advance is that it will arrive at a point on the screen 
where the diffraction pattern (calculated from the wavelength and the size of the 
slit) would be non-zero, i.e. the photon is liable to arrive anywhere on the screen 
other than at positions lying on a calculated diffraction minimum. (Note the stress 
on the word ‘calculated’. When dealing with a single photon, there is no observ- 
able diffraction pattern; it can only be calculated from the known wavelength and 
the size of the slit.) 


Likewise, a second photon will go to some position on the calculated diffraction 
pattern. Subsequent photons do the same, and gradually, with time, the form of a 
diffraction pattern materializes, as in Figure 19. 
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FIGURE 18 Diagram illustrating the 
diffraction of light at a slit. There are 
regions of maximum intensity on the screen 
at positions such as A and B. 
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Figure 20 shows the same kind of effect with electrons. These photographs were 
taken with an electron microscope. They show the gradual build up of a diffrac- 
tion pattern for electrons diffracted at the edges of a small hole. 


Thus, the calculated diffraction pattern describes the probability of a photon 
arriving at various parts of the screen. Where exactly any individual photon will 
go cannot be predicted—we can only calculate, with the help of wave mathematics, 
the odds on it going to one place rather than another. 


What are the chances of a given photon going to region A of Figure 18, 
compared with its chances of going to region B? 


The intensity of the diffraction pattern in region A is 20 times greater than in 
region B. Thus, the number of photons arriving there is 20 times greater, and 
consequently the chance that any given photon will arrive there is 20 times 
greater. 
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FIGURE 19 As more and more photons 
pass through the slit and reach the screen, 
the diffraction pattern gradually builds up 
and becomes recognizable as such. 


FIGURE 20 Photographs taken with a very 
low intensity electron beam in an electron 
microscope. Each dot is an image formed by 
a single electron. The exposure times were 
(a) 1/25th second, (b) 10 seconds, (c) 1 
minute, and (d) 2 minutes. Note how the 
form of the diffraction pattern becomes 
clearer as the number of electrons in the 
pattern increases. 

(Magnification x 125 000.) 
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To talk of being able to predict only the odds on the outcome of an experiment 
may well strike you as very strange. After all, you have probably been told in the 
past that physics is an exact science. If a physicist repeats an experiment that he 
has often performed before, he is expected to be able to specify in advance what 
the outcome will be. To a large extent, of course, this remains true; if he takes a 
quantity of gas and halves the volume, keeping the temperature constant, he 
knows this will double the pressure; if he doubles the temperature difference 
across the faces of a sheet of material, he knows this will double the heat trans- 
mitted through it, etc. In these, as in many other examples that you can no doubt 
think of for yourself, the outcome is known—at least to a high degree of precision. 
However, you should note that these examples deal only in gross features; they 
each involve the average effects produced by an enormous number of atoms—in 
one case, the momentum imparted by many gas atoms to the walls of a container 
averaged over a period of time; in the other, the energy transferred between large 
numbers of vibrating atoms as they jostle each other. In this respect, all these 
examples are similar to the experiment in which a substantial amount of light is 
allowed to pass through the slit. In that case also, the physicist is able to predict 
the outcome of the experiment, ie. he knows in advance that, given enough 
photons, he will get a diffraction pattern of a certain size and intensity distribu- 
tion. This will allow him to predict, for example, that 20 times as many photons 
will arrive at region A as at region B (Figure 18). 


But, when he is asked to predict the behaviour of a single quantum, he is unable to 
do it. In this kind of situation, arguments that relate only to statistical averages do 
not help. The physicist finds himself in a rather similar position to that of the 
‘opinion pollster’, whose statistical methods can forecast with reasonable accur- 
acy the percentage vote for each political party averaged over the nation, but do 
not tell him how a given individual will vote. 


We repeat: there is no way of predicting where exactly a particular quantum will 
arrive. 


That is a statement we do not expect you to accept lying down! So let us try and 
anticipate your objections. Consider the following argument: 


The nature of the experiment you have described has not been specified sufficiently 
well; all you have told me is that the light passes somewhere through the slit. Now, if 
I were allowed to make a really thorough study of the initial photon, I could deter- 
mine very precisely its original trajectory and could then work out which atom (or 
atoms) in the rim of the slit it would interact with. I could then (in theory at any rate) 
calculate precisely how the photon would scatter from this atom, and hence deter- 
mine its final direction. That would tell me exactly where it would go on the screen. 


This, incidentally, is an example of a thought experiment; in these imaginary 
experiments, the question of whether the experiment is practicable or not is ignored. 
All equipment and measurements are assumed to be as close to the ideal as can be 
imagined. You have met thought experiments before, in Unit 4, for example, where 
you worked out how the velocity of a seismic wave should depend on the density 
and rigidity of the medium through which it travels. Thought experiments have 
always been regarded as particularly useful in clarifying the meaning and 
significance of quantum theory. 


At this point we throw down a challenge. 


Think back over the material that has so far been presented in this Unit, 
and see if you can formulate two or three convincing arguments to show 
what is wrong with the assumptions or line of reasoning in the thought 
experiment suggested above. 


If you think that this is difficult, most of the Course Team would probably agree 
with you! But don’t give up just yet. Try the three clues below and make a genuine 
attempt to develop the line of reasoning suggested in each before reading on. 


Clue 1 

The precise study of the collision between the photon and the atom would 
presumably involve a detailed knowledge of the struck atom. Have you 
been told anywhere that the diffraction of light through a slit in a barrier 
depends on the nature of the material of the barrier? 
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Clue 2 
Is it possible, even in principle, to determine precisely the trajectory of the 
initial photon? Try designing an experimental arrangement for doing this. 


Clue 3 

Suppose you opened up a second slit in the barrier very close to the first— 
what effect would this have on the calculated intensity distribution? Can 
you reconcile this change of probabilities with a photon whose final direc- 
tion can be precisely specified by the way it scatters on the rim of only one 
of the holes? 


Clue 1 refers to the possibility of predicting accurately the path of each individual 
photon, if it were known which particular atom it struck. But, if this were the case, 
the outcome of such a collision would surely depend on the kind of atom involved 
in the collision—how heavy it is, what shape it has, how it is oriented and how 
strongly it is bound to its neighbours. This would mean that the distribution of 
light after the passage through narrow slits of the same size would depend on the 
material from which they are made. This just is not true, the diffraction pattern 
depends only on the wavelength and on the width of the slit. 


Clue 2 explores the possibility of determining precisely the trajectory of the initial 
photon, before it collides with an atom. One way of attempting this would be to 
place a tiny hole H in front of the light source, with the aim of narrowing the beam 
of light before it enters the slit S (Figure 21). In one extreme position, you could 


O Ve we y, 


Source of light Diffracting slit S Screen 


bring the slit right against the hole (Figure 22). If the hole H were to be ex- 
ceedingly small, you would then know where the photon was as it entered the slit. 


Screen 


But an exceedingly small hole produces an exceedingly wide diffraction pattern! 
You would know the position of the photon as it entered S, but there would be no 
way of telling in which direction it would be moving. So it would be quite impos- 
sible to use the law of conservation of momentum to work out the outcome of 
the collision of this photon with any particular atom in S. 


eon eae 


In order to fix the direction of the photon, you might try to move the slit S very far 
away from the source and the hole H (Figure 23). Now, because the slit subtends 
such a small angle with respect to the source, the direction of the photon as it 
passes between the edges of S is defined quite satisfactorily. Unfortunately, just 
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FIGURE 21 A hole H introduced in front 
of the source in an attempt to produce a 
well-defined beam of light. 


FIGURE 22 The hole H is made very 

small and is brought up close to the slit S. 
In this manner, the position of the photon 
at S is well defined—but not its direction. 


FIGURE 23 The hole H is removed a 
long way from S. In this arrangement, the 
direction of the photon at S is well 
defined—but not its position. 
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because its direction is defined so narrowly, the photon must be passing through 
the opening of the slit alongside its edges, parallel to thousands and millions of 
atoms. Which one of them will it strike? By specifying the direction of the photon 
you have sacrificed the knowledge of the position where the interaction took 
place. 


It is obvious that the diffraction of light makes it quite impossible, even in princi- 
ple, to specify a precisely determined trajectory of a photon (that is, its position 
and momentum at any instant). Any argument that assumes such knowledge, must 
therefore be fallacious. 


Clue 3 offers the final and perhaps the most convincing refutation of the possibil- 
ity to predict accurately the path of individual photons in the diffraction experi- 
ments. Suppose a second slit S’, of the same width, is opened very close to S and 
parallel to it (Figure 24). This is the double-slit arrangement, familiar from Unit 9. 


The intensity distribution on the screen is now radically different from what it was 
when only one slit was open, as you can see by comparing Figure 25 with Figure 
6. This new pattern is not a simple combination of two single-slit patterns (only 
slightly displaced relative to each other). There are now regions of zero intensity 
(the minima in Figure 25) where the screen was illuminated before. This means 
that a photon may arrive at one of such regions when only one slit is open, but is 
unable to do so when a second slit is added. How can the addition of the second 
slit possibly influence the interaction of the photon passing through the first one? 


FIGURE 25 The intensity distribution on the screen resulting 
from light passing through a double slit. 


Clearly, any idea of a photon behaving as an ordinary particle with well-defined 
position and momentum must be abandoned. Consequently, it is impossible, even 
in principle, to make accurate predictions about individual photons. The only way 
to understand the experiments is in terms of probability. The diffraction pattern 
produced by a large number of photons is accurately predictable, but the path of 
each individual photon is not. This lack of determinism in the behaviour of 
material systems at the sub-microscopic level was the greatest intellectual hurdle 
that physicists had to overcome. You are in good company if you feel apprehen- 
sive and uneasy about it! 


Although most of the argument in this Section referred to the diffraction of light, 
you know already that the same principles apply to any kind of radiation, to the 
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FIGURE 24 The opening of a second slit S’ 
produces a radical change in the intensity 
distribution at the screen on the right. 


4.1 


beams of any quanta. Any diffraction pattern can be interpreted in terms of a 
wavelength, provided the width of a single slit, or the spacing between the slits, is 
known. Thus it makes sense to associate with the motion of any beam of quanta 
some kind of a wave, which determines the size and shape of the diffraction 
pattern and therefore the probability with which one single quantum may arrive 
at any particular spot within the pattern. 


Such waves are known as travelling probability waves. Their wavelength is Aj, and 
is defined by the momentum of the quanta (cf. Section 1.2). The wavelength of the 
travelling probability wave determines the angular separation of the diffraction 
maxima within the pattern. The relative brightness of individual maxima and 
minima is in turn related to the amplitude of the travelling probability wave at 
each particular point in the pattern. 


Travelling probability waves behave in the same way mathematically, as travel- 
ling water waves or travelling sound waves. That is, two waves can combine to 
give constructive interference at certain positions and destructive interference at 
others (Figure 11). But what about the nature of these probability waves? What is 
it that is ‘waving’ in them? Here the analogy breaks down (you have been warned 
before not to take analogies too far!). Water waves and sound waves are distur- 
bances in real media, but a travelling probability wave is only a mathematical 
concept, a model, that does not have any medium. The study of ordinary waves 
tells us something about the state of the medium in which they are propagated. 
Probability waves, on the other hand, give us no such information. Instead, they 
tell us of the state of our knowledge about the propagation of quanta. 


Perhaps you find an abstract concept such as this unpalatable. But why should 
you? You probably did not flinch when, in earlier Units, we discussed the Earth’s 
orbit around the Sun—but what is an orbit? If you went out into space you would 
see no line drawn on anything. An orbit is an abstract concept useful for describ- 
ing our knowledge of successive positions of the Earth. If you are happy to use a 
mathematical line in space as a convenient summary of our knowledge of the 
Earth’s motion, why not mathematical waves? 


Heisenberg’s uncertainty relations 


The situation described in the last Section is quite frustrating. When the position 
of the photon was fixed (as in Figure 22), the direction of the photon was not. 
When the experimental arrangement was altered to remedy this (as in Figure 23), 
it was found that the newly-acquired knowledge of the photon’s direction had 
been bought at the expense of losing knowledge of the photon’s position. 


The trouble stems from the wave behaviour governing propagation and its prob- 
abilistic interpretation. Moreover, because wave behaviour is the underlying prin- 
ciple governing all propagation, it is only to be expected that this kind of 
frustration will be encountered again and again; it is not some peculiarity asso- 
ciated only with photons, it is associated with all quanta. 


In this Section, we shall study this fundamental problem of observation in greater 
depth. We shall investigate to what extent it is possible simultaneously to measure 
two properties of a quantum: its position and its momentum. For this purpose, we 
shall again use a slit. The act of measurement is considered to take place at the 
instant the quantum arrives at the slit. Although we are sticking to our example 
of diffraction at a slit, you should realize that what is being discussed has universal 
significance; we could just as well have chosen some other experimental arrange- 
ment with which to illustrate the point we wish to make. 


The position—momentum uncertainty 


In Figure 26, a drawing of the experimental arrangement is combined with one of 
the intensity distribution, to remind you of the appearance of the diffraction 
pattern on the screen when the slit is illuminated with monochromatic radiation 
from a distant source. The y-axis has been drawn at right angles to the length of 
the slit. (Remember that the length of the slit is taken to be perpendicular to the 
plane of the paper.) 


probability waves 
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At the instant at which the quantum arrives at the slit, its position along the y-axis 
is uncertain; it is only known that it must lie somewhere between the extreme 
edges of the slit. If the width of the slit is d, then the uncertainty in the position of 
the quantum along the y-axis—call it Ay—at the instant it arrives at the slit is 
given by: 


Ay=d (21) 


At this instant, the quantum is ‘diffracted’, i.e. receives a sideways push resulting in 
it subsequently arriving at the far screen at a position L, which may be other than 
position O directly opposite the slit from the source (Figure 26). How large the 
push will be, no one can say. The photon must, therefore, be regarded as having 
an uncertain momentum in the y-direction as well as an uncertain position. (Let 
us emphasize that we are here talking of uncertainty of both position and momen- 
tum at the moment the quantum arrives at the slit. Do not confuse this with the 
uncertainty of position on the screen; the spread of positions of quanta on 
the screen will only be used as a convenient measure of the uncertainty of 
the y-component of momentum at the slit.) 


radiation incident ———» 


along the x-direction intensity 


If the point L is such that the direction SL makes an angle ¢ to the original 
direction of the quantum, then the magnitude of the y-component of momentum 
B would be p sin ¢, as shown in Figure 27 (remember Section 1.1 and Figure 1). 
But, as we have said, at the time of the measurement there is no way of telling 
what exactly the value of @ will be. All we can do is to take a look at the 
observed (or calculated) diffraction pattern and decide on some ‘typical’ value 
for the angle. 


before diffraction after diffraction 


FIGURE 27 After diffraction, the quantum acquires a sideways 
momentum of magnitude psin @. 


In Unit 9 you did an experiment with the diffraction of light by a single slit. You 
saw that the distribution of intensity after the slit had the form shown in Figure 26 
(or previously in Figure 6). Most of the diffracted light went into the broad central 
lobe, which was spread symmetrically about the straight-through direction. If you 
repeated the experiment with slits of different width d and with light of different 
wavelength A, you would find that the angular width of this lobe 20 (Figure 26) 
depended on d and 4 in the following way: 


sin 9 = : (22) 


SAQ9 What is the angular width of the main diffraction lobe for a slit of 
width d = 107° m and light of 1 = 436nm? 
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FIGURE 26 A drawing combining the 
experimental arrangement and the intensity 
distribution on the screen appropriate to 
radiation of a single wavelength. 


If most of the quanta are diffracted by the slit within a spread of +0 about the 
x-direction (Figure 26), it seems reasonable to regard: 


Ap, = psin@ (23) 


as a ‘typical’ value for the uncertainty in the magnitude of the sideways momentum 
p, that the quantum acquired within the slit. It is obvious that this uncertainty 
is closely related to the uncertainty in the position, that is, to the width d of the 
slit. Substituting into equation 23 from equations 22 and 21 gives: 


me 
and therefore, AyAp, = pa (24) 


Ap 


The two quantities on the right-hand side of this equation are not independent. 
For any quantum, they are related by the de Broglie formula 5. Equation 24 can, 
therefore, be rewritten thus: 


AyAp, = o(”) =h | (25) 


This last equation was derived by choosing, to some extent arbitrarily, the ‘typi- 
cal’ values for Ay and Ap,. One could argue that not all quanta would have an 
uncertainty of Ap, as given by equation 23. Recognizing this element of arbitrary 
choice in specifying Ay and Ap,, we shall finally write equation 25 in a less rigid 
form: 


AyAp, ~ h (26) 


where ~ means, in this context, ‘of the order of’. This is Heisenberg’s uncertainty 
relation—or at least one form of it. Note that in this form it refers only to the 
uncertainty in the position and momentum in one particular direction. Similar 
relations hold true for the other two axes of coordinates (Section 1.1, Figure 
1—components of momenta) 


AxAp, ~h (26') 


AzAp, ~ h 


In essence, these uncertainty relations do not tell you anything more than is 
already contained in the previous Sections. You have already seen the impossibil- 
ity of a simultaneous specification of both position and momentum (for example, 
in the discussions of the travelling wave packet and of the probability waves). All 
that the Heisenberg’s uncertainty relations do is to give an approximate, quantita- 
tive estimate of the product of these uncertainties: it is of the order of Planck’s 
constant h = 6.63 x 107 °*Js. 


The most important thing to bear in mind is that the impossibility of an accurate 
simultaneous measurement of the two quantities has nothing to do with the accur- 
acy of measuring instruments, or with faults in the design of experiments. It is an 
impossibility ‘in principle’, one which reflects the behaviour of nature, not a 
deficiency of technology. 


When you look at relations 26 and 26’ again, you will realize that, within the 
constraint of the overall uncertainty (which is the order of h), it is possible to 
trade-off the accuracy of one of the two quantities against the other. This gives the 
physicist some considerable element of choice in the design of experiments. It is 
possible to measure the position of quanta more accurately, when this is impor- 
tant, provided that the corresponding increase in the uncertainty of momentum 
can be tolerated (and vice versa, of course). 


SAQ 10 A beam of quanta approaching along direction x (as in Figure 
26) is diffracted by a slit of width d = 10°°m. What is the typical uncer- 
tainty in the magnitude of the y-component of the momentum of the quanta 
as they emerge from the slit? (Take h ~ 10° 33 Js.) 


SAQ 11 Suppose that the diffracted quantum in SAQ 10 was an electron 
of mass 10° 3° kg. What would be the uncertainty in the magnitude of its 
velocity along y-direction, Av,? (Assume that p = mv can be used.) 
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uncertainty relations for position and 
momentum 
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4.2 


It is really somewhat unfortunate that the relations 26 and 26’ carry the name 
‘uncertainty’ relations. The student of quantum theory may well feel that if the 
professional physicists feel ‘uncertain’ about what they are doing, there is little 
hope for him! For this reason the term ‘indeterminacy’ is sometimes preferred 
instead of ‘uncertainty’, to emphasize that these relations are something more 
than just semi-quantative expressions of frustration. They are a positive tool for 
describing some basic features of Nature. 


Perhaps you still feel it goes against common sense to believe that one is unable 
simultaneously to measure both the position and the momentum of an object to 
any desired precision, given that the measuring apparatus is ideal. Until some 
such time as the material of this Unit finds its way into the primary school 
curriculum, it will continue to be regarded as against common sense, and students 
will spend hours trying to find a way round the uncertainty relation. It is some- 
thing we all apparently have to get out of our systems at one time or another. 
In Radio 15, you will hear Heisenberg’s own description of Einstein’s refusal to 
accept the uncertainty principle and his (unsuccessful) attempts to devise experi- 
ments to refute it. 


To give you an idea of the pitfalls lying in wait for those who would outwit 
Heisenberg, we analyse a few approaches in Appendix 2. 


Study comment Like the other two Appendices at the back of this Unit, 
this is optional material and will not be assessed. However, students in- 
terested in higher level physics courses are advised to study these Appen- 
dices at some stage, either now or in spare time after completing this 
Course. 


We shall here merely draw your attention to two points that emerge from the 
discussion in that Appendix: 


First, the observer, in making an observation, always disturbs the system he is 
observing. He cannot play a passive role, i.e. obtain his information without 
actively disturbing the system. This in itself is nothing new; classical ideas of 
measurement also recognize that an observer interferes with the object under 
investigation. What is new in quantum theory is that the disturbance is 
unpredictable—the measurement cannot be suitably corrected to take account of 
the disturbance. 


Second, the observer has to make a choice between different courses of action— 
either to concentrate on precision of momentum, or precision of position, or some 
kind of compromise. Having decided on a particular kind of measurement, the 
unpredictable disturbance associated with the act of taking that measurement 
denies the observer the opportunity of ever gaining the information he could have 
obtained had he taken one of the alternative courses of action. For example, he 
could consider the alternatives whereby he either uses a small slit to measure the 
position of a quantum precisely, or a large slit (so keeping the diffraction effects 
small) to measure the momentum precisely. If he decides to use the small slit, then 
the very act of measuring the position of the quantum produces a disturbance (a 
large diffraction) that destroys the information on the quantum’s momentum that 
he could have obtained had a large slit been used instead. 


Although in this Section we have concentrated on the uncertainty relation for 
momentum and position, it would be a mistake to think that only these two 
quantities are affected by it. There are other pairs of variables linked in a similar 
way and, for any such pair, the choice of experiment predetermines the accuracy 
with which either of the two can be measured. One important example is the 
uncertainty relation governing the measurements of time intervals and energy. 


The time—energy uncertainty relation 


In the experiment where a slit was used to measure the position and momentum 
component of a quantum, when exactly was the measurement made? You may 
immediately answer: at the instant the quantum arrived at the slit. But how would 
one estimate the instant of arrival? 


36 


$101 UNIT 29 


Perhaps the most direct way is to fix a shutter onto the slit as in Figure 28a. The 
slit could then be opened for only a limited time (Figure 28b). In order. for the 
y-position and momentum of the quantum to be measured, the quantum has to 
arrive within the time interval for which the slit is open. This interval can be made 
as small as one likes. In this way, it is possible to fix exactly the instant at which 
the measurement is made. 


shutter screen 


FIGURE 28 (a) A shutter is now placed 
over the slit through which the radiation is 
to pass. (b) The shutter can be opened to 
admit the radiation. 


(b) 


However, the adoption of this procedure has serious repercussions. If the slit is 
only open for a short time, the radiation transmitted is no longer in the form of an 
infinitely long, travelling monochromatic wave train—it is in the form of a travel- 
ling wave packet (Section 1.6). But this is quite contrary to our earlier assump- 
tion; the diffraction pattern shown in Figure 26 is derived on the basis of a single 
wavelength. If we are dealing with a wave packet, this is the same thing as saying 
our radiation has many different wavelengths; we are now talking of a different 
experiment. 


We can look at it another way. If the instant at which the quantum arrives at the 
slit is known, it follows that, at that instant, it is known exactly where the quan- 
tum is along the incident direction, i.e. along the x-axis (it is at the position S). The 
wave packet describing its position in the x-direction is therefore a sharp spike 
with a spread Ax that is almost zero. But, according to the uncertainty relation for 
this direction (relation 26), a small value of Ax implies a large uncertainty in the 
momentum in the x-direction, i.e. in the incident momentum p. In the original 
version of the experiment (as in Figure 26), it was assumed that p was known 
precisely. We now see that such precision could only be achieved with a per- 
manently open slit (resulting in Ax becoming infinitely large and Ap zero). 


To summarize: in the previous Section 4.1 we were concerned only with making a 
measurement of the position and momentum of the quantum in the y-direction. 
For this purpose, quanta of precisely known incident momentum p were dif- 
fracted by a permanently open slit. If, however, we wish to say something about 
the time at which the measurement is made, it is necessary to perform a different 
experiment—one involving, for example, the opening and closing of the slit. 


a 


Although this modification of the original experimental arrangement permits us 
to say something about the time at which the measurement is made, it affects the 
incident momentum p and our knowledge of it. 


If our knowledge of p is uncertain, this is the same as saying our knowledge of the 
energy E is uncertain; corresponding to Ap, there will be a AE. The value of AE 
(like Ap) will depend upon the time the slit is open. Let us call the latter At; it is 
the time available for the measurement. There exists a relation connecting AE and 
At. This is a perfectly general relation and applies to all experimental arrange- 
ments (not just the slit arrangements we have been considering). 


The uncertainty in the energy ofa system AE and the time available for measure- 
ment At are related by: 


AEAt ~ h (27) 


The derivation of this relation for the experimental situations we have been 
discussing is not difficult, and is carried out in Appendix 3 (optional). 


You should note that this form of uncertainty relation, although very similar in 
appearance to the previous ones (relations 26 and 26’), has a different kind of 
interpretation. The previous relations were all concerned with measurements of 
two variables, momentum and position, at a given instant; this third one can be 
understood as a relation connecting the uncertainty in the energy to the length of 
time available for making that energy measurement. 


How much time has to be available in order to make an exact measurement 
of energy? 


An infinitely long time (At — oo) is required if the energy is to be measured 
precisely (AE > 0). How does this come about? Well, in the case of a free electron, 
say, an exact value of E implies an exact value of p, and this in turn implies an 
exact value of the wavelength (through de Broglie’s relation Agg = h/p). Such an 
exact wavelength is characteristic only of an infinitely long wave train; strictly 


amplitude 


X Xx’ 
x 


speaking the wave form in Figure 29 does not have an exactly definable 
wavelength, even though the distances between successive peaks and troughs be- 
tween the cut-off points X and X’ are equal. 


Why? 


This is because many different continuous wave trains must be superimposed in 
order to produce destructive interference beyond X and X’ and so give the resul- 
tant travelling train a finite extension. For a wave form to have only one charac- 
teristic wavelength, it is not sufficient that the distance between successive crests 
and troughs should be equal; the wave train must also extend to infinity. If one 
has to check that a passing wave: train is infinitely long, one needs eternity to 
complete this measurement! 


The energy-time uncertainty relation is extremely important in connection with 
atomic physics. In Units 10 and 11, you learnt that electrons can occupy different 
energy levels within atoms, and that they stay in the higher energy levels for only a 
limited time before spontaneously returning to a lower energy level with the 
emission of a photon. The energy of the photon is equal to the energy difference 
between the initial and final states of the electron and is equal to hf, where fis the 
frequency associated with the photon. But if an electron occupies a higher energy 
level for only a limited time, this means the total time available for making a 
measurement of energy must apply to the state of the electron as it was at some 
instant within that restricted time interval. Relation 27 says that if one is able, by 
whatever means, to specify a restricted range of time during which the measure- 
ment must have been made (and the fact that what is being studied does not exist 
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uncertainty relations for time intervals and 
energy 


FIGURE 29 A wave train of finite extension. 


outside the time interval is undoubtedly one such means!), then the precision with 
which the energy can be defined is also limited. 


Thus, energy measurements on electrons occupying the same high energy level in 
different atoms will not agree precisely. Certainly, for most purposes, the elec- 
tronic level can be thought of as having a single characteristic energy—this assump- 
tion was implicit in the earlier Units—but strictly speaking this is not so. Lines in 
the spectrum are not infinitely narrow, they have a finite width Af = AE/h! 


Finally, in view of what has been said about imprecisely determined energies, we 
take another look at the law of conservation of energy. On the basis of this law, 
one expects that repeated measurements of the total energy of a system should 
yield a constant value. If a long time is available for each of these measurements, 
each measurement will be very precise and, under these circumstances, it is indeed 
found that the law of conservation of energy holds. (Similarly, the law of conser- 
vation of momentum is also found to hold in quantum interactions where the 
momenta are determined precisely.) However, if the repeated energy measure- 
ments are made in rapid succession, the time available for each is limited and so 
the precision of each energy measurement is also limited. Under these circum- 
stances, the results of repeated measurements do not give a constant value, but 
fluctuate with a spread characteristic of the uncertainty AE. Such readings do not 
contradict the law of conservation of energy—they indicate that it holds to within 
the iimited precision permitted by the experiment. There are, however, situations 
where a physical system can change its state so rapidly that it becomes impossible 
experimentally to specify its precise energy over short periods of time. (This 
applies to the unstable atomic nuclei described in Unit 30.) 


Because Heisenberg’s uncertainty relations apply to different pairs of experimen- 
tal variables* and because the limit of uncertainty is inherent in the nature of 
experiments and not in their practical and technical limitations, the relations 26 
and 27—or their equivalent formulations in words—are sometimes called Heisen- 
berg’s uncertainty principle. 


SAQ 12 Imagine a beam of quanta, moving in direction y towards a slit 
in a barrier, as shown in Figure 30. The width of the slot in the x-direction is 
10° ® m; its lengths in the z-direction is infinite. 


Z 


FIGURE 30 A thought experiment with a 
beam of quanta (for SAQ 12). 


1 Is it possible, in principle, to determine the magnitude of the z-compo- 
nent of the momentum of the quanta with absolute accuracy? 


2 Is it possible to determine the magnitude of the component of the 
momentum in x-direction with accuracy better than 107 3° Ns? 


SAQ 13 Atoms of a certain element are excited by an electric discharge in 
a fluorescent tube, so that one of their electrons is moved to a particular 
energy level. The frequency of the emission spectral line, corresponding to 
the transition from this excited level to the ground state, is carefully studied 
and it is found to have a width of Af = 10'* Hz. What is the corresponding 
uncertainty in the energy of the excited level? How long, on average, do the 
atoms live in this particular excited state? (Assume that for the ground state 
AE = 0; h = 6.63 x 10° 3*Js.) 


*One important pair we have not mentioned is the angular position and the angular 
momentum of a body rotating about a fixed centre. To discuss this case properly would 
require more advanced mathematics. 


S101 UNIT 29 


Heisenberg’s uncertainty principle 
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Philosophical interpretations of quantum theory 


Apart from opening new ways of understanding physical phenomena at the 
atomic and subatomic levels, the development of quantum theory also provoked a 
deep philosophical controversy. This concentrated on the problems of causality in 
world events and on the limits of man’s ability to understand, describe and com- 
municate his observations of them. 


To put the problem into perspective, let us quote a sentence from the French 
mathematician and astronomer, Laplace (1749-1827): 


Give me the initial data on all particles and I will predict the future of the Universe. 


This sentence sums up very clearly the confidence which nineteenth-century scien- 
tists had in the strength and omnipotence of the classical mechanics developed in 
the previous two centuries. But, perhaps more importantly, it also describes the 
intuitive belief of most people that world events are interconnected in clear links of 
causes and effects, and that by knowing everything about a particular system at 
one instant of time one can unambiguously predict its behaviour in the future. 


Quantum theory has shattered this belief. As you have seen, it is impossible to 
determine simultaneously both the position and the momentum ofa particle with 
unlimited accuracy. Thus, it is impossible ever to obtain that initial set of com- 
plete and accurate data about particles on which Laplace wanted to base his 
prediction of the future. 


There has never been any argument about the physical content of quantum theory. 
The relationships between the parameters of particle (E, p) and wave (f, 4) 
models of matter are completely vindicated by all experiments. So are the uncer- 
tainty relations between the pairs of parameters such as momentum and position, 
or energy and lifetime of atomic states. There is also general agreement that 
quantum theory does not imply that there can be no form of predictability of 
events. As you have seen in the description of the build-up of diffraction patterns 
(Section 3), it is perfectly possible to predict the shape and size of the pattern from 
the wavelength of radiation and the dimensions of the diffraction grating. What 
cannot be predicted is the behaviour of individual quanta. Thus, quantum theory 
recognizes causal, predictable connections between an initial and a final observa- 
tion, providing these arise from the statistical properties of large quantum systems. 


The philosophical problem arises from the question whether this restriction on 
the accurate knowledge of individual events is one of principle, inherent in the 
fundamental structure of the world, or whether it is one of the temporary 
inadequacy of our theoretical models. 


There is one school of thought which believes that quantum theory is a complete 
theory, in the sense that its basic hypotheses about the particle and wave pa- 
rameters and about the uncertainty relations are ultimate, final reflections of the 
real world, not capable of any further modification. This view, known as the 
Copenhagen interpretation (several of its major exponents such as Heisenberg, 
Bohr and Born worked at Copenhagen in 1920s, when quantum theory was being 
developed) is supported by the following arguments: 


—physics does not tell us anything about the world as such, only about our 
observations of it; 


—since any observation of an object is only possible by interfering with it in some 
way or other in order to produce detectable effects, it is in fact meaningless even to 
ask questions such as what the object is like when it is not observed (i.e. not 
interfered with); 


—thus, in describing experiments in which electron or X-ray diffraction is ob- 
served, it is meaningless to ask what happens between the initial observation— 
that quantum radiation is being emitted and aimed at a diffraction grating or 
crystal lattice—and the final observation of the pattern on the screen or in the 
spectrometer ; 


—since it is impossible to observe what is happening inside the gratings, there is 
no hope whatever that this situation can ever be described in terms of concepts 
and models that were developed entirely on the basis of observed phenomena; 
—it is, therefore, a question of one’s individual attitude whether one wishes to 


speculate about such unobservable situations or not; it is not and never will be a 
scientific question. 
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Against this viewpoint, a minority of physicists feel very uneasy about such a 
state of affairs. They believe that the present achievements of quantum theory, as 
well as its limitations, may well be a temporary, intermediate step in the develop- 
ment of the physical theory of the world. This view is sometimes referred to as the 
deterministic, or ‘hidden parameters’, interpretation. Amongst supporters of this 
view have been Einstein and de Broglie and, more recently, Bohm*. Their argu- 
ment is based on the philosophical possibility that one day in the future it might 
be possible to develop a completely new theory that would subsume the present 
quantum theory into a new framework of basic concepts and laws and would once 
again enable physicists to describe individual events and their cause-effect rela- 
tionships. This implies the existence of some hitherto unobserved parameters of 
world events—hence the alternative name of this interpretation. 


It is not our intention to impose on you one of these two alternatives. The first has 
the attraction of sticking to what is observable and not bringing in any speculative 
elements. Against that, the second may well appeal to many who feel the urge for a 
rigid deterministic order at the level of individual events. And it also seems to 
keep the door open, although nobody can prove or disprove whether that door 
leads anywhere or not. ‘You pays your money and you takes your choice .. .’ 


Summary of Unit 29 


1 Electrons, nuclei, atoms and molecules exhibit observable diffraction effects. 


2 The diffraction patterns show that the wavelength associated with these forms 
of radiation is given by the de Broglie formula 433 = h/p, where p is the magnitude 
of the momentum and h is Planck’s constant. 


3 The lack of observable diffraction effects for large objects does not mean that 
de Broglie’s formula cannot be applied to these objects. The wavelength expected 
on the basis of the formula would be too small for diffraction to be noticed. 


4 The mathematics governing light propagation and that governing the motion 
of bodies have been shown to be equivalent. Thus, not only light (as was seen in 
Unit 9) but all forms of energy are propagated in accordance with wave theory. 


5 If the position of a body is localized in space, the mathematical wave asso- 
ciated with it is also localized in space—it is a wave packet. Such a wave packet 
has a wavelength that cannot be precisely specified—it is some kind of average of 
the component waves that are used to build up the wave packet. 


6 The photoelectric effect shows that, in interactions between electromagnetic 
radiation and matter, energy is absorbed in discrete packets called photons. Each 
photon has energy hf, where f is the frequency of the radiation. You were 
reminded that discrete energy transfers were also characteristic of the emission as 
well as the absorption of electromagnetic radiation (Unit 10). 


7 Compton scattering shows that the momentum associated with a photon has a 
magnitude of hf /c, where c is the speed of radiation. 


are 


8 All interactions can be described in terms of discrete transfers of energy and 
momentum in accordance with the principles of conservation of energy and 
momentum. 


9 A study of the behaviour of a single quantum shows that the travelling waves 
governing the propagation are to be regarded as mathematical probability 
waves—the intensity of the wave at a given place determines the probability that 
the quantum will ; arrive e al it that place 7 


ak a Puen uiintetiein 


10 Because one can only predict probabilities for the various possible results of 
a measurement, it becomes impossible, even in an idealized experiment, to specify 
precisely the simultaneous values of the momentum and the position of an object. 
Along each spatial direction, there exists an uncertainty relation: for example, 
Ap,Ax ~ h, where Ap, and Ax are the uncertainties in the magnitude of the x 
component momentum and position respectively. These relations were proposed 
by Heisenberg. 


*Do not worry remembering all the names involved, it is the views we want you to think 
about. 
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11 A further uncertainty relation connects the uncertainty in the energy of a 
system AE with the time At available for its measurement, namely: AEAt ~ h. 


12 Heisenberg’s uncertainty principle draws attention to the fact that when an 
observer is confronted with a range of possible alternatives for measuring, say, the 
position and momentum of an object, he can only obtain from each of these 
alternatives one particular set of information about the two variables. His choice 
of experimental conditions predetermines this information, in accordance with 
the uncertainty relations. Each act of observation involves a disturbance of the 
system. 


13 Quantum theory deals only with observations of the world—not with a world 
divorced from the process of observation. According to the Copenhagen inter- 
pretation this is no temporary restriction but a fundamental limitation for all 
time—one cannot ever hope to go further and say something meaningful about 
what happens in between observations. In this sense, it is claimed that quantum 
theory is complete. Not all physicists accept this claim. 


The conceptual diagram, shown in Figure 31, can help you to get an overall view 
of the material in the Unit and assist you in revision. 


QUANTUM THEORY = atheory of BEHAVIOUR 


PROPAGATION INTERACTIONS 


Quantum collisions 


Probability waves 


frequency f 


wavelength A 


E=hf,p=hjs 


energy E 
de Broglie 
momentum p 


WAVE PACKETS UNCERTAINTY RELATIONS 


Uncertainty in wavelength AA 
increases as the width Ax 
of the packet decreases 


AE. At~h 


CHOICE OF EXPERIMENTS 


Determines division of uncertainties between 
the two variables 


FIGURE 31 Conceptual diagram for Unit 29. 
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Appendix 1 Energy and momentum conservation in Compton scattering 


Figure 17 illustrates the analogy between (b) Compton scattering, and (a) a colli- 
sion between two macroscopic objects. 


Looking at the collision between two objects first, you will note that the incident 
body was moving along direction x, hence its momentum was: 


Pp = +Px (28) 


After the collision, the scattered body had a momentum jp’ and the recoiled target 
body a momentum P. Both momenta have different directions, but both lie in the 
x-y plane. According to Section 1.1, the law of conservation of momentum means 
that the components into x- and y-axes must be conserved separately: 


p+ P,=0 (29) 
pi. + P; = px = p (magnitude of p) (30) 


Using the angles ¢ and ©, at which the two objects move with respect to x after 
the collision, the conservation laws for the two components of momenta can be 
expressed thus 


p sing + Psin®@=0 (31) 
p' cos¢+Pcos@=p (32) 


where p’, P are the magnitudes of the momenta (the length of the arrows) of 
the scattered body and the target body respectively and p is the magnitude of 
the momentum of the incident body. 


For macroscopic objects, momenta can be defined by their masses and velocities. 
Taking into account the conservation of kinetic energy as well, we can finally 
write down three equations that fully describe the collision: 


4MV? + 4mv’? = $mv? 
MV sin & + musing = 0 (33) 
MV cos ® + mv’ cos ¢ = mv 


Looking now at the diagram for Compton scattering, we note that whilst the 
scattered radiation suffered a loss of frequency, as well as a change of direction, 
the electron involved in the interaction acquired a momentum P = MV and 
energy 3MV’”. 


To balance total energy is easy, because you already know that radiation of 
frequency f behaves as quanta of energy hf. Therefore: 


hf = 4MV? + hf’ (34) 


But where did the momentum of the recoiling electron come from? There is no 
other possible answer than that it must have been ‘carried’ by the photons of 
incident X-rays. So, the conservation of momentum requires that, in analogy with 
equations 31 and 32, two equations must be satisfied: 


p'(X)sing + Psin ®@=0 (35) 
p'(X)cos @ + P cos = p(X) (36) 


where p(X) and p’(X) stand for the magnitude of the momentum carried by the 
X-ray photon before and after Compton scattering respectively, and P is the 
magnitude of the momentum of the recoiling electron. 


It is found that the only way to satisfy these two equations is to assume that the 
momentum carried by an X-ray photon is related to the frequency of X-ray 
radiation by the formula: 


p(x) =~ (37) 
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So we can write a set of three equations that fully describe Compton scattering of. 
X-rays on electrons (assuming scattering in one plane): 


SMV? + hf’ = hf 


MV sin ® + sing =0 (38) 


MV cos ®+ © cos $ -4 


Appendix 2 Is it possible to get round the uncertainty relations? 


First there is the approach that could be described as follows: 


I shall use a slit to study the position of an electron. The slit is made as small as I like, 
so the electron’s position is known. Then, instead of just looking at the general shape 
of the diffraction pattern and guessing a ‘typical’ value for the magnitude of the y 
component of momentum (i.e. psin 6, where @ is shown in Figure 26), I wait for one 
particular electron to strike the distant screen at a particular point L. By measuring 
the position of L, I can determine the angle ¢. Then psin @ is the exact value of the 
magnitude of the y component of momentum of this particular electron. There is 
no uncertainty in position and now no uncertainty in momentum. 


Hazard a guess as to what might be wrong with this. (The fallacy lies in a basic 
misunderstanding as to how the uncertainty relation ought to be used.) 


This argument involves two separate measurements. The first is a measurement of 
the position at the slit, S, the second, a later measurement at the screen used for 
inferring what the momentum at the slit must have been. The fallacy is that the 
second measurement refers back in time to some former value of the momentum. 
The uncertainty relation stems from the concept of probability waves and these 
are concerned only y with prediction. It is immaterial whether one cares to argue 
from what is seen on the screen to what happened earlier at the slit: the thesis being 
developed here is not concerned with that, but with the problem of predicting 
from measurements made at some instant what a future measurement will reveal. 
The uncertainty relation is concerned with prediction only and does not make 
statements about the past. In the experiment described above, the uncertainty 
relation says that the precise knowledge of position gained at the slit excludes the 
possibility of a precisely determined y-component of momentum at the slit, and 
therefore excludes the possibility of predicting whereabouts on the screen the 
electron will go. Always be on your guard against misusing the uncertainty rela- 
tion by applying it to measurements made in retrospect. 


The next approach involves a genuine attempt to make a precise prediction: 


Once again, I have a narrow slit so as to determine the position of the electron 
precisely. But this time I shall use something else to determine the electron’s momen- 
tum. After it emerges from the hole, and before it strikes the screen, I shall take a look 


FIGURE 32 A microscope used in an 
attempt to locate the position of an 
electron after it emerges from the slit. 


at it in a microscope (as in Figure 32). Having located this second position, I know 
the direction in which it is travelling and so can predict where it will strike the screen. 
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What is wrong with this approach? 


Clue If you use a microscope, you will need to illuminate the electron to be able 
to see it. What will you use as illumination? Will the illumination have any effect 
on the electron? 


The use of a microscope demands that the object be illuminated. This requires 
that light (i.e. at least one photon) should be scattered off it and into the micro- 
scope. But in a photon-electron collision there is an exchange of energy and 
momentum. This means that you are disturbing the electron; it will now go to 
some other place on the distant screen, not to the one you were trying to 
determine. 


The following is an example drawn from a wide class of approaches all founded 
on the same basic type of flaw. 


I make the slit in Figure 26 as small as I like so as to fix the position. The barrier with 


the slit in it is free to move in the y-direction. If it is initially at rest, it will be set ° 


moving with velocity v in the y-direction as a result of the momentum imparted to it 
by the electron, as the electron acquires sideways momentum at the slit. If the mass of 
the barrier is m, then the momentum is mv. Because momentum is conserved in the 
y-direction, as in any other direction, the magnitude of the momentum of the barrier 
mv, must be equal and opposite to the magnitude of the y-component of momentum 
of the electron, psin @. Therefore mv = — psin @, hence ¢ is determined. I now know 
precisely the angle @ and the position of the electron as it emerged from the slit. 
Admittedly, I determined the momentum of the electron by a second measurement in 
retrospect, but in making this estimate I did not disturb the momentum of the 
electron itself so I can now go on to predict whereabouts on the screen the 
electron will go. 


This is indeed a clever argument. The electron is not disturbed after it passes 
through the slit, and it is a genuine attempt at prediction. If you find it difficult to 
see what is wrong with it, you may take comfort from the fact that many a 
seasoned physicist fails to see the weakness too! 


Clue The barrier with the slit in it is said to be at rest initially. This means its 
initial momentum is precisely known to be zero. What does that say about our 
knowledge of the position of the barrier? 


The estimate of the sideways momentum imparted to the barrier is based on the 
difference between the initial and final momenta of the barrier in the y-direction. 
These must both be known precisely if the final result is to be precise. But how 
does one know the precise initial value of the momentum of the barrier or indeed 
the position of the slit? It is implicitly assumed in the wording of the argument 
that this knowledge has been gained through performing a preliminary experi- 
ment. Such a preliminary experiment might consist of shining a light on the 
barrier on two separate occasions. If, for example, the screen is seen not to move 
between the two observations, then it can be concluded that the initial momentum 
of the barrier is zero. But how can one be sure that the second time the barrier was 
illuminated it did not acquire some momentum from the photons? If it did, then 
the initial momentum of the barrier when the electron arrives at the slit would not 
be zero. This, in its turn, means that the preliminary experiment is incapable of 
determining precisely the initial position of the barrier—and hence the position of the 
slit in the y-direction. A precise knowledge of the initial momentum of the barrier, 
combined with only an imprecise knowledge of the position of the slit, brings us 
no closer to making a precise prediction. 


From this example, you learn that, before considering the experiment proper (in 
this case the electron arriving at the slit), you have to be quite sure you can set up the 
apparatus as described. In this example, you could not have done so. A prelimin- 
ary measurement designed to ascertain the precise momentum of the barrier 
would inevitably have left the slit with an uncertain position. You have to be very 
careful to spell out exactly what the function of each part of your apparatus is. If, 
as in our earlier examples, the slit is used to specify the position of the electron, 
then it has to be firmly understood that the slit’s position is known only as a result 
of it being fixed, and consequently incapable of recoiling and giving information 
about the electron’s momentum. On the other hand, a momentum-measuring 
barrier designed to recoil, cannot give a precise fix on the position of the electron. 
You cannot have it both ways—you must make your choice and stick to it. 


We shall not pursue these arguments any further. You are, of course, free to 
continue the search for ways round the uncertainty relation if you so wish—but 
you are advised not to spend too much time on it! 
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Appendix 3. The derivation of the time—energy uncertainty relation 


The magnitude of the momentum p of an object can be expressed in terms of 
its kinetic energy E, in the following way: 


p? = 2mE, (39) 


The uncertainty in kinetic energy AE, has now to be expressed in terms of the 
uncertainty in momentum Ap. Suppose p is increased by the value of its uncer- 
tainty to (p + Ap), E, will be correspondingly increased to (E, + AE,) and there 
will be a relation analogeous to equation 39 connecting these new values of 
momentum and energy: 


(p + Ap)? = 2m(E, + AE,) (40) 
Replacing 2mE, in equation 40 by p” (equation 39): 


p* + 2pAp + (Ap)? = p? + 2mAE, 
1 
AE, = > [2pAp + (Ap)’] (41) 


If Ap is small, the second term on the right-hand side is small compared with the 
first, and can be ignored. Therefore: 


AE Soe (42) 
m 


If the shutter in Figure 28b remains open for a time At, then the measurement can 
be considered to take place at some moment within that interval. Thus At is the 
uncertainty in the time of the measurement. If the object moves with velocity v 
in the direction x, then the distance it travels in time At is given by: 


Ax = vAt (43) 


So, if it is known that the object arrives at the slit sometime within the interval At, 
one can say that at any given instant within the range At, the uncertainty in the 
position of the object is Ax. 


We now write down an expression for the product AE, At, using equations 42 and 
43: 


ApA 
AE, At | ee was ApAx 
m. 0 mv 


Thus, because p = mv: 
AE, At = ApAx (44) 
But ApAx ~ h, therefore: 
AE, At~h (45) 


The total energy of an object is the sum of its kinetic energy E, and its potential 
energy (i.e. energy that depends on position) U: 


E=E,+U (46) 


If the object is ‘free’, so that its potential energy is zero (or at least independent of 
x), the uncertainty in the kinetic energy AE, gives rise to an equal uncertainty in 
the total energy AE. Therefore, substituting AE for AE, in equation 45, one 
obtains the energy—time uncertainty relation referred to in the text as equation 
27 (Section 4.2): : 


AEAt ~ h (27)* 
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Objectives 
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When you have completed the work on this Unit, you should be able to: 


1. Apply the laws of conservation of energy and of momentum to simple situa- 
tions involving head-on elastic collisions between two objects. (ITQs 1-4; SAQs 1 


and 2) 


2 State the de Broglie formula and perform simple calculations involving the 
relationship between the momentum of particles and their de Broglie wavelength. 


(SAQs 3 and 4) 


3 State the Maupertuis’s principle governing propagation of particles. With 
reference to the de Broglie wavelength, associated with particles, explain how the 
principles of Maupertuis and Fermat can be unified into a principle of least 


number of wavelengths. (Section 1.5; ITQs 5 and 6) 


4 Describe what is meant by a continuous wavetrain and a travelling wave 
packet, and explain why a travelling wave packet does not have a precise 


wavelength. (Section 1.6) 


5 Describe Compton scattering and explain why its understanding requires that 
photons should have momentum. Perform simple calculations involving the rela- 
tionship between the frequency of radiation and the momentum of photons. 


(SAQs 6-8) 


6 Explain the meaning of the uncertainty relations between the position and 
momentum (AxAp, ~ h, and similar for y, z) and between time and energy 
(AEAt ~ h). Perform simple calculations of uncertainties involved in given exper- 


imental situations. (SAQs 9-13) 


7 Describe in your own words the conceptual development of quantum theory 
with reference to the diagram in the Summary. (Section 6, Figure 31) 


ITQ answers and comments 


ITQ 1. This is a question to be answered on the basis of your 
intuition and general experience. The correct choices are D and J. 
Perhaps the most important message of this question can be sum- 
marized thus: when a light, moving object hits a heavy, stationary 
target, it always bounces back. The target body moves forward but, 
because of its larger mass, it will move more slowly than the ‘pro- 
jectile’ that hit it. 


ITQ 2 Although the actors in this collision are the same, the 
result will be very different. An object of large mass M will not 
bounce back when it hits a stationary target object of small mass m. 
Both objects will move forward, m faster than M. The speed of the 
large object M will be less than it was before the collision. 


ITQ3 The law of conservation of momentum demands that the 
total momentum of the two gliders must be the same before and 
after the collision. Before the collision the total momentum is zero: 


mv, + mb, = +mv — mv = 0 


Now you must check the total momentum for each of the alterna- 
tives A to F. 


A Total momentum is zero because both velocities are 
zero—allowed. 

B_ Total momentum is greater than zero, because both velocities 
have the same positive sign (same direction)—not allowed. 

C_ This is allowed, because mi, + mi, = —mv + mv = 0. 

D, E and F All these alternatives are also allowed by the law of 
conservation of momentum. Whatever the actual velocities of the 
two gliders are, the total momentum will always be zero, provided 


both gliders move with the same speed in opposite directions — 


(5, rapt b>). 


This multiplicity of allowed options is clearly at variance with your 
practical experience. If you repeat an experiment in which two 
bodies collide, you would always expect—and get—the same result, 
if the initial conditions were the same (masses, velocities). 


ITQ4 Since the two gliders move without friction and since their 
collisions are assumed to be elastic (no loss of energy), the only 
form of energy you need to consider is the kinetic energy. Before the 
collision, the total kinetic energy of the two gliders was: 


E, = 4mv? + 3m(—v)? = 4mv? + 4mv? = mv? 


Notice that the kinetic energy of a moving body is independent of 
the direction of its motion! Although the velocities of the two 
gliders are opposite (minus sign), the square of a negative number is 
positive. 


A check on the total kinetic energy E, in all alternatives reveals 
that: 


A is not allowed, because E, = 0 
B is allowed by conservation of energy, because: 


E, = 4mv” + 3mv? = mv”, as before. 
C is allowed, because: 
E, = 3m(—v)? + mv? = mv”, as before. 
D is not allowed, because: 
B,=5m(—5) +5 m(5) = 5m Soe ae 
4G 4 


which is four times less than before collision. 
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E and F are not allowed, because for any values of speeds other 
than », the total kinetic emergy E, is different from its value before 
the collision. 


Thus, the law of conservation of energy would allow two options, B 
and C. However, in the answer to ITQ 3 the alternative B was 
discounted, because it contradicts the law of conservation of 
momentum. Hence, the one and only alternative that agrees with 
both conservation laws is C. This is indeed what alwa ys happens in 
such a collision between two, identical gliders moving in opposite 
directions—they swap their velocities. (This is true even if their 
speeds are not the same. If, for example, 0, = +v and 6, = —2v 
before the collision, then after the collision the velocities will be 
0, = —2v and b, = +v. Subscripts 1 and 2 refer to the two gliders. 
You can easily convince yourself, if you wish, that this extended 
statement still agrees with the conservation of energy.) 


ITQ 5 The formula relating the frequency of a light wave to the 
energy of the photons of that light is f= E/h. The similarity with 
equation 5 is obvious enough—the two parameters are also related 
through Planck’s constant. More importantly, it is also a relation- 


SAQ answers and comments 


SAQ 1 The law of conservation of momentum says that the toal 
momentum of the two skaters is the same before and after the 
push. The initial momentum is zero, because both skaters are sta- 
tionary. The same must be true after they have moved apart, so it 
must be: 


Ma Da + Mp Up = 0 and hence Mavs => — Mp Ug 


In words: the two velocities are in opposite directions (negative 
sign) and their ratio is inversely proportional to the ratio of the two 
masses (the lighter skater moves faster). Note that the total 
momentum is zero because each of the two skaters has a momen- 
tum of the same magnitude as the other, but of opposite sign 
(myo, = —mBg dg). 


To find the ratio of the speeds of A and B, we use the above 
equation, ignoring the minus and vector signs and substituting for 
m, and mg: 


= — = — = 0.625 
Ug Ma 80 
SAQ 2 
A Total momentum is not conserved, since: 
x n mv : mv 0 
= my, = — — 4+— = 
p=mv, 2 7 7 


Total kinetic energy after the collision is: 
. 1 s) +3 (+3) 1 iF gel v? vp? 
==—m| — = ~mi+-] =~=m— +=m— =m— 
: ot 


This is less than the initial kinetic energy of the two bodies. Hence, 
neither of the two conservation laws is satisfied: 


B_ In this alternative the total momentum after the collision is: 


—- 


= v v 
ps re — 


Total kinetic energy is: 
<< i je y? 
— — = = m— 
oe ee. 4 
Hence, although the total momentum is conserved, the total kinetic 
energy is not. 


C Total momentum p = mi, + md, =0 —not conserved. 


Z 


1 
Total kinetic energy E, = 2 I m : 


" onserved 
—|=m— —c ved. 
; hie 3 eee 
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ship between one parameter of a wave model (f) and one pa- 
rameter of a particle model (E) for the same light. 


ITQ6 Each fraction As/A in equations 15 and 17 expresses the 
length of the segment As in terms of the number of wavelengths. 
For example, a wave of wavelength 4 = 2.cm, will need five whole 
wavelengths to cover a segment of length As = 10cm. So, 


As length of segment 


Oe length of one wavelength 


= number of whole wavelengths in the segment. 


The whole path A > B is the sum of all segments. So the require- 
ment that the numerical value of y% As/A must be a minimum, 
means that the path, selected by the generalized principle of propa- 
gation, will be that for which a minimum number of wavelengths is 
needed to cover it. This will of course depend on how A changes 
from one place to another (depending on changes of the medium or 
on the action of forces, such as gravity). 


Dv 
j2 
2 


— v 
Total kinetic energy E, = > asin C, —conserved, 


—not conserved. 


D_ Total momentum p = +2m 


E Total momentum p = 0+ mi, = +mv —conserved. 


Total kinetic energy E, = 0 + 4mv? —conserved. 


—'+ ;) —conserved. 
<4 3v Ee | 
G p= m — 4 + m + ay = +mo(; - q —conserved. 


9 
— +—] —not conserved. 


SAQ3_ The de Broglie wavelength 443, associated with electrons 
travelling at 10° ms~ ', can be calculated by direct substitution into 
equation 5: 


his oh 10° *?Js 
Aug = - = — 


p> wee 10-*°kg x 10°ms7! 
So the order of magnitude of A,, is: 
Aap © 1078 m 


By comparison, visible light has wavelengths from about 400nm 
to about 700nm, that is, to the nearest order of magnitude: 


Aign ~ 1000nm = 10°&m 


However, for any kind of wave motion, diffraction effects become 
observable only if the gaps in a barrier, the spacing between trans- 
parent slits in a grating, or the separation between adjacent atoms 
in a crystal, are of the same order of magnitude as the wavelength of 
the wave motion, or less. — 


Thus a grating with the spacing of 107 ° m is fine for light, but too 
coarse for a beam of electrons (Aj, ~ 107 ® m). 


SAQ 4 Substituting m= 10°?kg, v= 1ms~' and h= 6.63 x 
10-34 Js into the de Broglie formula 5 gives: 


h 6.63 x 10° 3*Js 
= 
mv 10°“kgms 


= 6.63 x 10° 37m 

Clearly, with the wavelength of this order of magnitude, a gap of 
width d = 10mm = 107m cannot possibly produce any observ- 
able diffraction effects! (Remember, diffraction effects become 
obvious only when A ~ d.) 


SAQ 5 According to the diffraction formula for a grating the 
first diffraction maximum occurs at an angle 6, given by the 
equation: 


sin, = A/d 
Substituting 4,, from SAQ 4 gives: 


6.63 x 10°37m 


a hence 0, = 6.63 x 107 °° radians. 


sin, = 


(For very small angles, sin 9 = 6 in radians.) So, if you could follow 
a beam of marbles, diffracted at such a small angle, all the way up 
to the edge of the observable Universe (about 107° m), its direction 
would be displaced from the initial straight line by less than one- 
tenth of a millimetre! 


SAQ 6 For X-rays, as for any other forms of electromagnetic 
radiation, the speed c = fA. Substituting this into equation 20 gives: 
= =. 


SS 

which is, indeed, formally the same as the formula for the de Brog- 
lie wavelength: 

h 

Asp ard 

P 
This agreement proves that the extension of momentum to electro- 
magnetic radiation is consistent with the previous extension of 
wavelength to particles. 


SAQ7_ The difference between the magnitudes of the momentum 
p of the incident photon and the momentum p’ of the scattered 
one, is clearly: 


h 
mee ee es) 
Substituting numerical values gives: 


6.6 x 10°**Js 
Ap = p(electron) = 3x 10®°ms~! (1078 —99 x 10'’) Hz 


Hence (electron) = 2.2 x 10°** Nms/ms™! x 0.1 x 10’s7! 
(remembering that 1 joule = 1 Nm and that hertz (Hz) is the name 
for one cycle per second, s~ '). So the final result for the momentum 
of the recoil electron is: 


p(electron) = 2.2 x 1074? x 10'°Ns = 2.2 x 10°7®Ns 
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SAQ 8 An electron with momentum 2.2 x 10~?°Ns will be 
moving quite fast, as becomes obvious by the substitution of its 
mass into the formula for the magnitude of its momentum: 


p(electron) = m,,v 


p(electron) 2.2 x 10°7°Ns 
p= 


and hence : 107° kg 


el 
The electron will be moving with the velocity of about 2.2 x 
10* ms” *. This is fast by comparison with everyday speeds, but still 
very slow by comparison with light. 


SAQ 9 Substituting into equation 22 gives: 


_ 436 x 10°°m 


sin 8 
10->m 


= 436 x 10°* = 0.0436 

This corresponds to 6 = 2.5° = 0.043 6 radians (note that for such 
small angles sin @ = 0). Thus the width of the lobe is 26 = 0.0872 
radians, or 5°. 


SAQ 10 The width of the slit d represents the uncertainty in 
position along direction y, Ay. So, from the uncertainty relation 
AyAp, ~ h, it is easy to calculate the corresponding uncertainty Ap,: 


h 10-33 Js 


— = 10-27N 
i hy 10 me : 


Ap 


(Remember 1 joule = 1 newton metre.) 


SAQ 11 Ap =mAbp, and therefore: 


_ Ap, _10°*’Ns = 10°>ms~! 


A = 
ym 107 2°kp 


As you can see this uncertainty is not exactly negligible! 


SAQ 12 1 Since the slit is not restricted in the z-direction, there 
can be no certainty at all about the position of quanta in that 
direction (Az = 00). Consequently, the uncertainty relation would 
allow the magnitude of the momentum p, to be measured with any 
accuracy (Ap, could be zero). 


2 The uncertainty relation Ap, Ax ~ h determines the maximum 
possible accuracy of Ap,. Substituting Ax = 107 ® m shows that the 
minimum possible value for Ap, is about 6 x 107 2° Ns. Hence an 
accuracy of 10°°°Ns or better can never be achieved in this 
situation. 


SAQ 13 The width of the emission line obviously corresponds to 
the spread of energies, carried by individual photons, AE. This, 
in turn, is the same thing as the uncertainty in the energy of the 
level, so: 


AE = hAf = 6.63 x 10° ** x 10'? = 6.63 x 10° 27J 


The average life-time At of the excited state is related to the width 
of the energy level AE, so: 


h _ 6.63 x 10-3“ Js 


ace < tip marian ectesieenseaconeiaeean ee a == 
kc pe ee 


At ~ 
By the way, the assumption that AE = 0 for the ground state was 
necessary for any deductions to be made from the observed width 
Af. If both atomic states had finite uncertainties in energy, both 
would contribute to the width of the spectral line. 
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